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Introduction 



Thurston conjectured that every complete hyperbohc, connected and orientable 3-manifold of 
finite volume virtually fibers over the circle, i.e. such a manifold has a finite covering that is a 
bundle over the circle. 

Lackenby |Lac2006] proposed a program in order to solve this conjecture. This program in- 
cludes two conjectures about two new 3-manifold invariants : the infimal Heegaard gradient and 
the infimal strong Heegaard gradient. 

Let be a connected, compact and orientable 3-manifold. The Heegaard Euler characteris- 
tic X-{^) of ^ is the minimum over all Heegaard surfaces F of the negative part X-(-^) = 
min{— x(F),0} of the Euler characteristic of F. Likewise, the strong Heegaard Euler characte- 
ristic x^{^) is the minimum of over all the strongly irreducible Heegaard surfaces F 
of A'^. As usual, if the manifold N does not contain any strongly irreducible Heegaard surface, 
X^-{N) = +00. For further definitions and details about the theory of Heegaard splittings, see 
section [T] 

Definition 1. |Lac2006l p. 319 et 320] 

Let M be a compact, connected and orientable 3-manifold. One defines the infimal Heegaard 
gradient of the manifold M as : 



where the infimum is over the family of all coverings Mi M of Al with finite degree di. 
Likewise, the infimal strong Heegaard gradient of the manifold M is : 



where x~{^i) is the strong Heegaard Euler characteristic of the finite covering Mi M . 

Results of Lackenby show that those two quantities provide information about the existence 
of incompressible surfaces in finite covers of a manifold M with sufficiently large degrees. They 
led Lackenby to formulate the following conjectures. 

Conjecture 1 (Heegaard gradient Conjecture). |Lac2006l p. 320] 

The Heegaard gradient of a compact, connected and orientable hyperbolic 3-manifold is zero if 
and only if the manifold M virtually fibers over the circle S"*^. 

Conjecture 2 (Strong Heegaard gradient Conjecture). |Lac2006l p. 320] 

The strong Heegaard gradient of a closed, connected and orientable hyperbolic 3-manifold is 
always strictly positive. 

Maher |Mah] has established the following fibration criterion. This criterion is weaker than 
Lackenby's conjecture, and can be obtained from Theorem 1.1 p. 2228 of |Mah) . 

Theorem (Maher). A closed, connected and orientable hyperbolic 3-manifold virtually fibers 
over the circle if and only if it has an infinite family of finite coverings {Mi M)i^j with 
uniformly bounded Heegaard genus. 
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The aim of this article is to provide a virtual fibration criterion standing between Lacken- 
by's conjecture and Maher's result. We want to allow the quantity X-i^i) to grow, but sub- 
logarithmically with the covering degree. To this aim, we studied Maher's proof and tried at 
each stage to produce explicit bounds. When some proofs needed details to become effective, 
we gave them. Maher himself already suggested the possibility to deduce such a result from his 
proof |Mahl p. 2228], but without explicit statement. 

To give a precise statement, we introduce two new Heegaard gradients. Those gradients are 
in the spirit of Lackenby's |Lac2006] . but we replaced the denominator by a sub-logarithmic 
function of the covering degree di. The main goal of this article is to use Maher's techniques to 
prove a sub-logarithmic version of Lackenby's conjectures [T] and |2] 

Theorem 1. Let M be a connected, orientahle and closed hyperbolic 3-manifold. If there exists 
an infinite family {Mi M)i^i of coverings of M with finite degrees di such that 

. ^xtm_ „ 

mf —^^=^= = 0, 
i^l ylnlndj 

then for infinitely many indices i, the manifold Mi contains an embedded surface that is a virtual 
fiber. In particular, the manifold M virtually fibers over the circle . 

In this result, the function \n{di) arises from a comparison between the volume and the 
diameter of a properly chosen submanifold of the hyperbolic manifold Mi . The square root and 
the first logarithm come from a combinatorial estimation. 

In fact, there exists a constant k depending only on the choice of a Dirichlet fundamental 
domain V for M such that if the finite cover Mi of M satisfies X-{Mi) / di < k, then Mi 
contains an embedded virtual fiber. Nevertheless the constant k is quite difficult to write down 
explicitly. 

As we do not a priori suppose that the Heegaard genus of the covering Mi is uniformly 
bounded, this statement is an improvement of Maher's Theorem 1.1 |Mah| . The theorem [l] 
remains true if we only suppose that 

mf = 0, 

lei di 

and that 

where c+(i*i) is the complexity of a thin decomposition for the Heegaard splitting with minimal 
genus Heegaard surface Fi (see |CaGoj . |ST2j and section [T]). For instance, theorem [T] still holds 

if there exists a constant 6 S (0, 1) such that inf jg/ = 0, and if inf jg/ = 0. The first 

of those two last hypotheses looks quite reasonable in the light of Lackenby's gradient conjecture 
[T]and virtual fibration results obtained also by Lackenby in |Lac2004] . especially in the case of 
a tower of regular finite covers. 

The complexity c+(-Fj) is bounded from above by the Heegaard Euler characteristic X-{Mi) 
of Mi, and from below by the complexity c+(Mj) of the manifold Mi itself. Nevertheless, we 
do not know wether a thin decomposition of minimal complexity c+(Mj) (the complexity of the 
cover Mi) can always be obtained from a minimal genus Heegaard splitting of Mj. We may have 
for all minimal genus Heegaard surface Fi of Mj, c+(Mj) < c+(i<j). This makes the quantity 
c+(Fj) quite difficult to estimate. Hence it seems more natural to express the fibration criterion 
just in terms of the behavior of the Heegaard- Euler characteristic in finite coverings of M. This 
leads to the following definition. 

Definition 2. The sub-logarithmic Heegaard gradient of the manifold M is the quantity 
where the infimum is taken on the (countable) set of finite coverings of M. 
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Similarly, one can define the strong sub-logarithmic Heegaard gradient of M by 

where the Heegaard Euler characteristic of the finite covering Mi M is replaced by the strong 
Heegaard Euler characteristic. 

This definition provides an immediate corollary of theorem[T} This corollary is a sub-logarithmic 
version of Lackenby's conjecture [T] in the case of a closed manifold M. 

Corollary 2. The sub-logarithmic Heegaard gradient of a connected, orientable and closed hy- 
perbolic 3-manifold M vanishes if and only if M is virtually fibred over the circle S^. 

The necessary condition of the corollary [2] arises from the fact that every virtually fibred 
3-manifold M admits a tower of finite coverings with bounded Heegaard genus. Indeed, such a 
manifold M admits a finite covering M' — > M where M' fibers over the circle. The Heegaard 
genus in the tower (Mj M)jgN of finite coverings of M' dual to the fiber F of M' is uniformly 

bounded above by |x(-^)l + 3. Thus, for this family of coverings, we have limj^+oo ^^^^^^ = 0. 
This shows that the sub-logarithmic Heegaard gradient of M vanishes. 

Compared to results obtained by Lackenby (see for instance |Lac2006| and |Lac2004j ). the 
interest of theorem [T] and corollary |2] is that we do not need to consider regular covers or covers 
of M with bounded irregularity, as defined by Lackenby |Lac2004] . Furthermore, the family of 
finite covers (Mj M)i^j of M need not be a tower of coverings nor a lattice. 



With the hypothesis of theorem [T| when the index i is large enough, the manifold Mj contains 
a lot of virtual fibers which are incompressible embedded surfaces. We can then estimate the 
behavior of the strong sub- logarithmic Heegaard gradient. 

Theorem 3. Let M be a connected, orientable and closed hyperbolic 3-manifold. If there exists 
an infinite family of coverings {Mi M)-^^^ with finite covering degrees di such that 



then for any 9 G (0, 1), 



1- n 

lim —j^=^= = (J, 

i— >-l-oo ylnlndj 

r^{Mi) 
hm — — — r = +CO. 
-»+oo (mdiy 



For every 3-manifold N, one has \^{N) < xl^(A^), so the sub-logarithmic Heegaard gradient 
is always less than or equal to the strong sub- logarithmic gradient. If the sub-logarithmic gradient 
is strictly positive, the strong sub-logarithmic gradient is of course also strictly positive. The 
following corollary can be derived from theorem [3j showing that the sub-logarithmic version of 
Lackenby's conjecture [2] is true. 

Corollary 4. The strong sub-logarithmic Heegaard gradient of a connected, orientable and closed 
hyperbolic 3-manifold M is always strictly positive. 



Plan of the paper. 

In the first section, we introduce some basic definitions and properties on the setting of 
Heegaard splittings. In the second section, we prove theorem [T| which is the central theorem of 
this paper. For the proof, we need three key propositions, the proof of which we postpone to 
the three next sections. Finally we prove in the sixth and last section our results about strong 
sub-logarithmic Heegaard gradient, namely theorem [3] and corollary |4j 



Acknowledgements. 

I would like to thank warmly Juan Souto, Joan Porti, Anne Berry and Genevieve Simonet, 
Jean-Pierre Otal, Vincent Guirardel and Cyril Lecuire for very helpful conversations during the 



4 



CLAIRE RENARD. 



elaboration of this paper. I add a very special thank for my advisor, Michel Boileau, whose 
encouragements, kindness and patience were essential ingredients in this work. 

1. Background on Heegaard splittings. 

In this section, we briefly summarize the theory of Heegaard splittings. We also refer to |Scha] 
for a survey on the subject. 

A handlebody is the regular neighborhood of a graph. Its boundary is a connected, orientable 
and closed surface. The genus g of this surface is called the genus of the handlebody. The original 
graph is called a spine for the handlebody. If an orientable 3-manifold M is closed, a Heegaard 
splitting of M is a decomposition of M as the union of two handlebodies with the same genus, 
glued together by a diffeomorphism of their boundaries. A compression body is a connected 
and orientable 3-manifold H with boundary, obtained from a regular neighborhood S x [0, 1] of 
a closed surface S, not necessarily connected. One glues some 1-handles to the surface 5 x {1} 
to get the compression body H. The surface S x {0}, denoted by d^H, is called the negative 
boundary of the compression body H. The boundary of H minus the negative boundary d-H is 
a connected surface d^H, called the positive boundary of H. The genus of the closed surface 
d^H is called the genus of the compression body H and denoted by g{H). By convention, 
if d-H is the empty set, the manifold H \s a, handlebody. A spine for a compression body 
H is the union T of the negative boundary d-H together with a graph whose vertices lie on 
d-H, such that H deformation retracts on T. A Heegaard splitting of a 3-manifold M with 
boundary is a decomposition of M as the union of two compression bodies of the same genus 
glued together by a diffeomorphism of their positive boundaries. The negative boundary of one of 
the two compression bodies can be empty in a Heegaard splitting of M. The genus of a Heegaard 
splitting is the common genus of the compression bodies. Their common positive boundary is 
called a Heegaard surface for the manifold M. 

Every compact and orientable 3-manifold M admits a Heegaard splitting. The Heegaard 
genus of the manifold M, denoted by g{M), is the minimal genus of all Heegaard splittings of 
M. The Heegaard Euler characteristic of M is X-{M) = 2g{M) — 2, the negative part of 
the Euler characteristic of a minimal genus Heegaard surface for M. 

A meridian disc for a Heegaard splitting of M is a properly embedded disc in one of the 
compression bodies, which bounds an essential curve in the Heegaard surface. A Heegaard split- 
ting (or a Heegaard surface) is said to be strongly irreducible if there does not exist any 
pair of disjoint meridian discs, one in each compression body. In other words, in a strongly ir- 
reducible Heegaard splitting, the boundaries of any two meridian discs each in one side of the 
Heegaard surface necessarily intersect. For any orientable 3-manifold M, one defines the strong 
Heegaard Euler characteristic x^-i^) of ^ the minimum over all strongly irreducible 
Heegaard surfaces F of the negative part x-iF") of the Euler characteristic of F. If the manifold 
M does not have any strongly irreducible Heegaard splitting, then x^-{M) = +oo. 

Note that in the case of hyperbolic 3-manifolds, the Heegaard Euler characteristics and the 
strong Heegaard Euler characteristics are always strictly positive. 

A Heegaard splitting can be seen as a handle decomposition for a closed 3-manifold M. 
Starting from a collection of 0-handles, one attaches some 1-handles to them, then a collection 
of 2-handles, to finish by 3-handles. The first handlebody corresponds to the 0- and 1-handles, to 
which the 2- and 3-handles that compose the second handlebody are attached. To each 1- and 2- 
handles, one can associate a meridian disc. If the splitting is not strongly irreducible, two disjoint 
meridian discs can be used to change the order in which the handles are attached. A 2-handle 
corresponding to one of the meridian discs can be attached before a 1-handle corresponding to the 
other meridian disc. The result is called a generalised Heegaard splitting of M. More generally, a 
generalised Heegaard splitting for a 3-manifold M corresponds to a handle decomposition : 
starting from 0-handles and possibly collars of some boundary components of M, one attaches 
some 1-handles, then a collection of 2-handles, then another collection of 1-handles, and so on, 
alternating 1- and 2-handles, to finish after the last collection of 2-handles with a collection of 
3-handles. If one stops during the process, the object obtained after attaching the j-th batch 
of 1- or 2-handles is a 3-manifold embedded in M. Let Fj be its boundary, after discarding 
any 2-sphere component that bounds a 0- or a 3-handle. After a small isotopy to make all the 
surfaces Fj disjoint, one gets a collection of 2n — 1 disjoint surfaces Fj in M. The surfaces F2j, 
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called the even surfaces, separate the manifold M into n 3-manifolds, for which the surfaces 
F2j-i, called the odd surfaces, form Heegaard surfaces. 

Let F be a closed and orientable surface. If F is connected, one defines the complexity of 
F as c{F) = if F is the 2-sphere S^, and c{F) = 2g{F) -1 = 1- x{F) otherwise. If F is not 
connected, the complexity of F is the sum over all components of F of the complexity of the 
component. 

li H = {Fi, F2, . . . , F2n-i} is a generalised Heegaard splitting of M, the width of this decom- 
position is the set w[H) = {c(Fi), . . . ,c(F2n-i)} of the complexities of the odd surfaces, with 
repetitions and arranged in monotonically non-increasing order. 

Starting from a Heegaard splitting with Heegaard surface F which is not strongly irreducible, 
one can change the order in which the 1- and 2-handles are attached, to get a generalised 
Heegaard splitting. Each of those generalised splittings has a width. Widths can be compared 
using the lexicographic order. A generalised splitting obtained from F of minimal width is called 
a thin position for F (see |ST2] ). The first integer of the width of a thin position for F plus 
one (i.e. the maximal complexity of the odd surfaces of the thin position plus one) is called the 
complexity of a thin position for F, or the complexity of the Heegaard decomposition with 
surface F, and denoted by c+(-F). For example, if F is a strongly irreducible Heegaard surface 
of positive genus, then the complexity of a thin position for F is c+(-F) = —x{F), as the original 
Heegaard splitting of surface F is already in a thin position. In the general case, the complexity 
c+(F) is always bounded from above by —x{F) as long as the genus of F is non-negative, as each 
surface of a generalised Heegaard splitting arising from the splitting associated to F is obtained 
from F by surgery. 

2. Proof of theorem [TJ 

In this section, we give a proof of theorem [TJ This proof relies on three key propositions, 
the proof of which we postpone to the next three sections. We prove first theorem [TJ under two 
weaker assumptions. At the end of the proof, we then show that those two assumptions imply 
the assumption stated in the theorem. 

Let M be a connected, orientable and closed hyperbolic 3-manifold. Assume that there exists 
an infinite family (Mj M)iQj of coverings of M with finite degrees di such that 

mf = 0, 

lei di 

and that 

where Fi is a minimal genus Heegaard surface of Mj and c+(Fj) is the complexity of a thin 
position for this splitting. Without loss of generality and up to passing to a subsequence, we can 

assume that I = N, that limj-^+oo — and limj^+oo ~ 

Let i gN, and Fi the minimal genus Heegaard surface in Mj as before. As recalled in section 
[TJ one can use the Heegaard surface Fi to construct a generalised Heegaard splitting in a thin 
position. In particular, the complexity of this generalised Heegaard splitting is equal to c+{Fi). 
The interest of a thin position lies in the following theorem. Its topological part (1) is a conse- 
quence of the work of Casson and Gordon, Scharlemann and Thompson ( |CaGoj and |ST2j ). 
The metric part (2) arises from results of Frohman, Freedman, Hass and Scott for incompressible 
surfaces ( |FHSj and |FrHaj ) . The last part (3) is a result of Pitts and Rubinstein ([PiRuJ, see 
also gouj, ICoDL] and [PiJ). 

Theorem 5. Let N be a connected, orientable and compact hyperbolic 3-manifold, and H a 
generalised Heegaard splitting that is a thin position for M . Then this generalised splitting has 
the following three properties. 

(1) Every even surface is incompressible in N and the odd surfaces form strongly irreducible 
Heegaard surfaces for the components of N cut along the even surfaces. 

(2) All the even surfaces are isotopic to minimal surfaces or to the boundary of a regular 
neighborhood of a non- orientable minimal surface. 
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(3) Every odd surface is isotopic to a minimal surface or to the boundary of a regular neigh- 
borhood of a non-orientable minimal surface with a small tube attached vertically in the 
I-bundle structure. 

In the sequel, for brevity we will call a pseudo-minimal surface a surface which is the 
boundary of a regular neighborhood of a minimal non-orientable surface, possibly with a little 
tube attached vertically. 

In our case, we have the following result. 

Lemma 6. For all i € N, there exists a thin position for Mi obtained from the minimal genus 
Heegaard surface Fi such that every even surface is a minimal surface or the boundary of a small 
regular neighborhood of a non-orientable minimal surface, and every odd surface is a minimal 
surface or the boundary of a regular neighborhood of a non-orientable minimal surface with a 
small tube attached vertically in the Fbundle structure. 

Moreover, for all z G N, there exists a compression body Ci among the compression bodies of 
this thin position such that 

\o\iC^) > Vol(M) ^— A • 

Proof of lemma [H 

First, we use part (2) of theorem [5] to isotope the even surfaces of a thin position obtained 
from the Heegaard surface Fi to minimal surfaces or to the boundary of a regular neighborhood 
of a non-orientable minimal surface. 

By part (3) of theorem [5] after isotopy we can assume that the odd surfaces are minimal 
surfaces, or the boundary of a regular neighborhood of a non-orientable minimal surface with a 
small tube attached vertically in the I-bundle structure. 

The number A/i of compression bodies arising from a generalised Heegaard splitting of Mj 
obtained from the Heegaard surface Fi is less than or equal to the total number of 1- and 
2-handles of a handle decomposition associated to the Heegaard surface Fi : Ni < 2g{Fi) = 
\x{Fi)\ + 2 = xHMi)+2. 

There exists at least one compression body Cj such that 

Vo,(C.) > MMli > Vol(M) . 

For each i, chose such a compression body Ci to obtain lemma |6] □ 

For all z G N, take a compression body Cj as in lemma |6j 

Definition 3. Let x be a point in Ci and S an immersed surface in Cj. We say that S separates 
X from dj^Ci if every oriented path from x to has its algebraic intersection number equal 

to +1. 

If two surfaces S and T immersed in Ci are such that S separates every point of T from 
d+Ci, we say that T separates S from d+Ci. In this case, the surfaces S and T are said to be 
nested. 

We recall that the genus of the compression body is g{Ci) = g{d-^-Ci), the genus of its positive 
boundary. 

We will denote the ceil function of the real number x by [x] , i.e. the smallest integer not less 
than X. Similarly, [xj is the floor function of x, and represents the largest integer no greater 
than X. By convention, we set [x] and [xJ equal to zero if x is non-positive. 

The following proposition is a step towards the construction of a certain amount of parallel 
surfaces in the compression body Ci. It is an adaptation of Lemma 4.5 p. 2251 of |iMah] . We 
postpone its proof to section |3j 

Proposition 7 (Nested Surfaces). Let 6i be the diameter of the compression body Ci of Mi. Let 

e be the injectivity radius of M, Ki = 4 ^ -\- —^^^ g{Ci) — 10 and K'- = 2a' |x(9+Cj)|, with 

a' = 6(f + ^ + ^ + —^^^)- 

For every i £ N, there exist at least rn = \^^^ ~ i ~ ^"1 disjoint nested surfaces immersed 
in Ci. All of those surfaces are homotopic to surfaces obtained from compressions of d^Ci. 
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Moreover, the diameter of those surfaces is bounded from above by 2eKi and they are separated 
from each other by a distance greater than or equal to lOeKi. 



With this proposition, for each z G N we obtain at least = [35^ — | — nested 
immersed surfaces in the handlebody Cj. Those surfaces are ah disjoint and obtained from S+Cj 
by surgery. This imphes that the the genus of those surfaces is between and g{Ci), the genus 
of Ci (which is, by definition of a thin position, less than or equal to g{Fi) = g{Mi)). We can 
thus find at least [ ^^J^'^_^_j^ J such nested immersed surfaces of the same genus, where \x\ is the 
floor function of the real number x, with the convention that [xj is zero if x is non-positive. The 
next step is then to replace those nested immersed surfaces by parallel embedded surfaces. 



Proposition 8 (Parallel Surfaces). Let 6i be the diameter of the compression body d in Mi. 
Let e be the injectivity radius of M, Ki = A + sinh " ^ ^ 9^^i) ~ "'^'^ ^'i ~ \x{d+Ci)\, 



For every i G N, there exist at least mi = ( V g[c )+i \ z&eK ~i~s^1J P0'i"Mel and connected 
surfaces embedded in Ci, whose diameter in the manifold Mi is uniformly bounded from above 
by deKi and separated from each other by a distance greater than or equal to eKi. 



For the proof of this proposition, see section |4j Those mj parallel surfaces are candidates for 
a virtual fiber. But we still have to select some of them to get a virtual fibration of the base 
manifold M. 

Let P be a Dirichlet fundamental polyhedron for M in its universal cover M ~ M^. Translates 
of T> by the covering transformations give a tiling of the universal cover M. This tiling descends to 
a tiling of the finite cover Mi by di copies of V. Each of the rm parallel, connected and embedded 
surfaces in Mi obtained by proposition [S] intersects a finite and connected set of copies of V. 
We call such a set a pattern of fundamental domains. We can suppose that each of the 
embedded surfaces is transverse to the 2-skeleton of the tiling. More precisely, we can suppose 
that each surface does not meet the vertices of the fundamental polyhedra, that it intersects the 
edges in isolated points and it is transverse to the 2-dimensional faces of the polyhedra. Thus a 
pattern of fundamental domains is a connected set that is the union of copies of V glued along 
some of their 2-dimensional faces. 



Lemma 9. Let V be a Dirichlet fundamental polyhedron for M in H^. Let a be the number 
of faces of D of dimension two, and l the maximum over all pairs (Fi,i<2) of the number of 
orientation-reversing isometrics between the 2-dimensional faces Fi and F2 of the polyhedron D 
(Fi and F2 are not necessarily distinct). 

For each i €N, the number of possibilities to glue together I copies of D to form a pattern of 

( X (^+1)2 

i fundamental domains is less than or equal to [a\^J{a -|- I 



Proof of lemma [9l 

For every £ G N, let us denote by B(t) the number of possibilities to glue together i copies of 
T) to form a pattern of I fundamental domains. We have to find an upper bound for the number 
of possibilities to identify pairwise some 2-dimensional faces of i Dirichlet polyhedra. 

First, let (Pi, P2) be a pair of copies of the fundamental domain T>. We want to estimate 
the number of possibilities to glue those two polyhedra together. As each polyhedron has a. 
2-dimensional faces, a gluing of this pair is given by k triples {(-P'j > F'j ^ ^j)}j=i...fe) where k is an 
integer between and q, and for all j G {1, . . . , A;}, the face F^ of 2?i is identified with the face 
of V>2 by the orientation-reversing isometry hj : Fj — > FJ. 

Remember that t is the maximum over all pairs (Fi, i<2) of the number of orientation-reversing 
isometries between the two (non necessarily distinct) 2-dimensional faces -Fi and F2 of the 
polyhedron T>. If n(Pi,P2) is the number of possibilities for gluing together the two polyhedra 
Vi and V2, we have the following upper bound : 
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n{Vi,V2) < 1 + a^i + (a(a - l))^^^ + . . . + (a!)\° 



a / , \ 2 



< 



a! 



(a-kV. 



By definition, the function B(i) is the number of possibilities for gluing together i polyhedra 
T>i, . . . ,T>i all isomorphic to D. From the former estimation, we get : 

^<j<k<i 

< II (a + l)(a!)\° 

^<j<k<i 



so we finally have : 



(£+1)2 

□ 



The following key proposition is a quantitative version of Lemma 4.12 p. 2258 of |Mah] . We 
postpone its proof to section |5j 

Proposition 10 ("Pattern Lemma"). Assume that in the cover Mi we have rrii connected, 
separating, orientahle, embedded and disjoint parallel surfaces, with diameter at most A and at 
distance at least r > from each other. 

Let V be a Dirichlet fundamental domain for the manifold M in its universal cover M ~ H^. 
Let us denote by D the diameter ofT>, a the number of its 2- dimensional faces and (3 the number 
of faces of dimension zero, one and two. 

For all £ G N, let B{1) be an upper bound for the number of possibilities of patterns obtained 
by gluing together at most H. fundamental domains that intersect a connected, orientable and 
embedded surface. Let L = \—~\ , where a is the minimum over all pairs of non-adjacent faces 
of V of the distance between those faces. (As V is compact, a is a well defined strictly positive 
real number.) 

If r/2D > 1 and a2^B{L) - ^' ^/^^ < ^ {jU+i'^^ ~ ^ a^L^BiL) - ^' 

manifold M virtually fibers over the circle S^, and the mi parallel surfaces are virtual fibers. 

Remark 1. The square root and the first logarithm of the denominator in the sub-logarithmic 
Heegaard gradient arise from the use of lemma^ in the proof of this proposition. 

We can now finish the proof of theorem [T] Suppose that we have an infinite family of finite 
coverings {Mi M}jgN such that 

(1) . hm — = 0, 

J— >+oo di 

and that 

(2) lim , = 0. 



We can apply proposition 10 with the number of parallel and embedded surfaces given by 
proposition [8] : 

""^ ^g{Ci) + V2,%eKi 9 9i^, ^' 
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r = eK, 
A = 

where 




Ki=A^+ — ^ I .<7(Q) - 10, 
and 

K[ = 2a'\x{d+Ci)\, 

with 

21 3 3 2 
"' = '^T + 4vr + 4e + sinh^^- 

We have then U = \^^]. In particular, 9peKi/a + 1 > Li > 9j3eKi/a. 
Let us show that the diameter 6i of the compression body Cj tends to infinity when i tends 
to infinity. On the one hand, we have 



Vol(Q) < Vol (^B^ I^^J J = 7r(sinh((50 - 5^) < -e 

Remark 2. T/ie second logarithm of the denominator in the sub-logarithmic Heegaard gradient 
comes from this estimation linking the diameter with the volume of a hyperbolic 3-manifold. 

On the other hand, lemma [6] give the lower bound 

and by assumption ([T]), the right hand side tends to infinity when the integer i tends to infinity, 
showing that 6i tends also to infinity. Furthermore, we obtain then the following majoration : 

* WUM,)+2j \ 1T J 

If the genus g{Ci) of the compression body Ci is uniformly bounded with respect to i, the 
quantity Ki is bounded from above, and rui tends to infinity when i tends to infinity. The 
quotient 

mm I nii, -zrrz rrrii — 1 



2D + 1 ' J a^LfB{L 



tends then to infinity. For i large enough, this quotient is greater than 7, and by proposition 10 
the manifold Mj contains then a virtual fiber that is an embedded surface. 

Otherwise, up to passing to a subsequence, we can suppose that limj.^+oo 5(Cj) = +oo, thus 
that Ki +00. For i large enough, we have r = eKi > 2D. To be in the first case of proposition 
it suffices to prove that the quantity ^g^^^^^ tends to infinity when i tends to infinity. 

Let G{£) = a2£2(„!^(„ + _ ^^^^ lemma|9| we get a'^eB{£) < G{1) for all positive 

integer so it is sufficient to show that tends to infinity when i tends to infinity. 
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Let 



Ri > 



G{Li) \'g{a) + l'meKi 9 J a^^al^ia + 

1 ( bi A 2K'A \ 1 



2{g{C^) + I) \lSeKi 9 J a^{9peKi/a + l)^{a\^{a + l)t»)mKJa+2r ' 

As 2 < g{Ci) < + 1, if we denote by a = 2(3 + ^e^) and 6 = 2(1 + ^jg^)' we have 

2a + b<Ki< ac+{Fi) + b. 
Since limj^+oo fl'(Ci) = +oo, 



2K[ _ 2 X 2a'{2g{Ci) - 2) 4a' 



9Ki 9{a{2g{Ci) - 2) + 6) '^'^ 9a 
Taking also the inequality (3) into account, for i large enough such that < we get : 
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Ri > 



1 



In 



di 

x'l{A/,)+2 



+ In 



/ 2Vol(Af ) \ 

V ^ J 4a + 5a' 



18eac+{Fi) + 18eb 



Gi 



where 



Gi = a\9Pea/ac+{Fi) + <df3eh/a + lf{a\^/{a + i),a)(9/3W-c+(F.)+9/3eb/<x+2)= 



Let R', 



c+(F»)+4 



18eac+(Fi)+18efe 



4a+5a' 
9a 



. As i?,- > i?', it suffices to 



prove that R[ tends to infinity when i tends to infinity. Let us look for an equivalent of R[ when 
i tends to infinity. 

For every i, 2g{Ci) — 2 < c+{Fi) < X-{Mi). As we have supposed that linij^+oo g{Gi) = +oo, 
limj_>_|_oo c+(-Fj) = +00 and linij^+oo X-i^i) = +oo. Moreover, 



In 



+ In 



/ 2Vol(M ) \ 



In 



18eac+{Fi) + 18eb 
From assumption ([2]), we have 

c+{F,] 



18eac+[Fi 



lim 



In In 



x'HMi) 



Hence 



Thus, 



In 



lim 

i— >oo 



,1 / 2Vol(M) \ 

x'LiMi)+2j ^^^\ TT ) ""'\x1{M,) 

- = lim 



In 



18eac+(Fi) + 18e6 



18eac+{Fi) 



-oo. 



R'i 



In 



dj 



1 ^ \x1{M^)J 1_ 

c+{F,) ^ 18eac+(Fi) ) Gi 



Always from assumption 



lim 



In ( ^ 

c+{F^r 



+ 00 



and so 



when i tends to infinity. 



R' 



Therefore, it suffices to prove that R'- 
But 



In 



x'liM,) 



18eac+{Fi)^Gi 



In 



(^p.yiQ. tends to infinity when i tends to infinity. 



Ini?'.' = In In 



In In 



di 



di 



21nc+(Fi) -InGi 



2 In c+(Fi) - 2 In a - 2 ln{9 P ea/ a c+{Fi) + dpeb/a + 1) 



-{9Pea/ac+{Fi) + 9Peb/a + 2f ln(a!\/(a + 
As c-\-{Fi) +00 when i tends to infinity, we have : 

di 



InR'' = In In 



ea/afln{aly^{a + l)L'^)) c+{F,f + o {c+{F, 
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As after assumption ([2]), 

we have R'i = +00, which ends the proof of theorem [T] under assumptions ([T]) and ([2]). 

To prove theorem [T| it remains to show that the assumption of this theorem imphes assump- 
tions ([1]) and 

Lemma 11. Let M be a connected, orientable and closed hyperbolic 3-manifold. Suppose that 

-yh 

there exists a family {Mi — > M}jgN of coverings of M with finite degrees di such thatXiuii^j^oo 

0. Then assumptions (1) and (2) are satisfied : hmj_-++oo = and hmj_^+oo ^x^i^l^. — 

where c+{Fi) is the complexity of a thin position for a minimal genus Heegaard surface Fi of Mi. 

Proof of lemma II 1[ 
Let us assume that 

i^+oo in in di 

In particular, we have ~ , — > and — > when i tends to infinity. For every i large 

"i V "i 

enough, the inequality X-i^i) < \fdi is satisfied. As we always have c+(Fj) < X-(-^i)) 
obtain then : 



In In In In 



< 



In In (y/di) In {^In di) 



~ In In di — In 2 

when i tends to infinity. □ 

Therefore, the hypothesis of theorem [T] is stronger and implies assumptions ([T]) and This 

ends the proof of theorem [T] □ 

Remark 3. If there exists a constant 6 G (0, 1) such that limj^+oo ~,e = and if 
limj^4_oo — 0; before, for i large enough, X-iMi) < d^. We have then 



Inln(^) - lnln(4- 



.2 



Inlndi +ln(l - 9) 

when i tends to infinity, which shows that assumptions |Ip and ^ are satisfied. Thus, the 
conclusions of theorem [7] are still true under those assumptions. 

3. Finding nested surfaces. 
This section is devoted to the proof of proposition [7j 

If is an orientable and compact 3-manifold, a Heegaard splitting for N induces a sweepout 
for the manifold N, i.e. a one-parameter family {-Ft}tg[o,i] such that Fq is a spine for the first 
compression body, -Fi a spine for the second compression body, each Ft for t £ (0, 1) is a Heegaard 
surface for A^ homeomorphic to a closed and oriented surface F, and the map F x [0, 1] ^ A 
has homological degree one. 

Let (Ci)jgN be the sequence of compression bodies in Mi obtained in lemma |6j This means 
that the negative boundary of Q is a union (possibly empty) of minimal incompressible surfaces 
or of boundaries of small neighborhoods of non-orient able minimal surfaces, and the positive 
boundary d+Ci is a minimal surface or the boundary of a small regular neighborhood of a 



12 



CLAIRE RENARD. 



non-orient able minimal surface with a small tube attached vertically in the /-bundle structure. 
6 



ensures that Vol(Ci) > Vol(M) ^^(5^^^^ for ah i e N. 



Moreover, lemma 

The generaliseoTleegaard splitting induces a sweepout of the compression body Cj. More 
precisely, there exists a one-parameter family of surfaces {St}t£[o,i] such that Sq is a spine for 
Ci, Si = d+Ci, for all t G (0,1] the surface St is homeomorphic to S* = d+Ci, and the map 
^ : 5 X / — > Cj is of homological degree one. This one-parameter family is called a sweepout 
for d. 

The sweepout surfaces St for t > are of interest in order to construct a long product in 
the compression body Ci. But, if we can control the diameter of a minimal surface in terms of 
its genus and the injectivity radius of the ambiant manifold, we cannot control uniformly the 
diameter of all the sweepout surfaces St : there may appear some long and thin Margulis tubes, 
containing a closed geodesic of the surface with length less than the injectivity radius of Mj. 

Rather than the diameter, it is more convenient to work with a notion of diameter for which 
non-connected surfaces with small diameter components are considered as small : this notion is 
called the e-diameter. 

Definition 4. Let e > 0. The e-diameter of a non-necessarily connected surface F is the 
minimal number of balls of radius e for the metric of F required to cover the surface F. 

In the sequel, we set e to be the injectivity radius of M. As for each i G N, the manifold Mj is 
a covering of M, the constant e provides a uniform lower bound for the injectivity radius of Mj. 

At this point, we recall the technique of Maher to construct from the original sweepout {St}t<^i 
of Ci what he calls a "generalized sweepout" {St}t(^i in which he controls the e-diameter of each 
sweepout surface (see |Mah| Sections 2 and 3]). 

The first step is to straighten the sweepout {St}t(^i to a simplicial sweepout, using results of 
Bachman, Cooper and White |BCW] . We recall terminology and results stated in [Mah, Sections 
2 and 3]. 

Definition 5. A coned n-simplex in a compact Riemannian manifold N of sectional curvature 
at most —1 is defined inductively as follows. A coned 1-simplex = {vq,vi) is a constant 
speed geodesic from vq to vi. The speed is allowed to be zero, and in this case the 1-simplex 
degenerates to the point vq. A coned n-simplex is a map cj) : A" N such that 4>\ An — 1 IS Qi 
coned {n — l)-simplex and for all x G A"^-'^, cl>\{tx+{i-t)v„\te[o,i]} '^^ ^ constant speed geodesic. 
The map (p depends on the order of the vertices {vq, . . . ,Vn) and its image may not be embedded 
in N, just immersed. 

A simplicial surface is a continuous map (f) : S ^ N where S is a triangulated surface, 
such that the restriction of the map (p to each triangle A of S is a coned 2-simplex. 

A simplicial sweepout is a sweepout ^ : S x I ^ N such that each surface St is mapped to 
a simplicial surface with at most 4:g{S) triangles, and at most one vertex of angle sum less than 
2-K. 

First, we need to work in a complete Riemannian manifold of sectional curvature at most —1. 
To this aim, we start with the compression body Ci and its non complete induced hyperbolic 
metric. If necessary, we need to modify slightly the compression body Cj in order that each 
boundary component of Ci has its intrinsic sectional curvature at most —1. 

That is not a problem for boundary components which are minimal surfaces, as their sectional 
curvature is always at most —1. 

If a boundary component of Ci is the boundary of a small neighborhood of a non-orient able 
minimal surface, we can choose this neighborhood small enough in order that the sectional 
curvature of this pseudo minimal surface is bounded from above by —1/2. This is a consequence 
of the continuity of the intrinsic sectional curvature in a neighborhood of the minimal surface 
(because of the continuity of the Gauss curvature) . By rescaling all the metrics of the coverings 
Mi and the metric of M by a factor 2, we can suppose that the intrinsic curvature of the boundary 
components of Ci in Mi is at most —1. 

If (9+Cj is the boundary of a regular neighborhood N{S) of a non orientable minimal surface 
S with a small tube attached vertically in the /-bundle structure, we have to consider two cases. 
If this tube x / belongs to the compression body Cj, we can remove it. More precisely, we 
compress Cj along the disc x {1/2} to get a new compression body of lower genus. We lose 
the tube x / during this process, but as we can make this tube as small as we like, this 
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compression does not change significantly the volume of the compression body. As the positive 
boundary of this new compression body is then the boundary of a small regular neighborhood 
of the minimal non orientable surface S, the previous argument shows that we can suppose that 
the intrinsic curvature of is at most —1. 

Otherwise, the tube x I lies outside Cj, meaning that d is contained in N{S). We can 
then collapse the small tube to an arbitrarily small geodesic arc 7 in the regular neighborhood 
of the minimal non orientable surface S. The positive boundary becomes the union of the 
boundary of N{S) and the arc 7. As before, we can suppose that the sectional curvature of 
dN{S) is at most -1. 

For each boundary component F of Cj, we glue a copy of F x [0, +00) equipped with a warped 
product metric. A computation of the sectional curvature of a warped product (see for example 
Bishop and O'Neil [BCW, p. 26]) shows that as we start from a surface F with sectional curvature 
at most —1, there exists a warped product metric on S* x [0,+oo) such that this Riemannian 
manifold is complete of sectional curvature at most — 1 . If we are in the last case where F is the 
boundary of a regular neighborhood N{S) of a minimal non orientable surface S with a small 
tube attached, and this tube is lying outside Cj, then we forget the arc 7 for this construction 
and we just glue a copy of dN{S) x [0, +00) with a Riemannian metric of curvature at most —1. 
We perturb this metric to make it smooth, and we obtain thus a complete Riemannian metric 
for the interior of Ci (union 7 if we are in this last case) with sectional curvature at most —1. 

The boundary surfaces of Ci are minimal surfaces or pseudo minimal surfaces. This fact is 
crucial as one can homotop a minimal surface of genus (7 to a simplicial surface not too far away 
in Ci. This can be done by the following lemmas. 

Lemma 12. (Maker |Mahl Lemma 4.2 p. 2249] and |Lac2006| Proposition 6.1].) 

Suppose S is a minimal surface in a closed Riemannian manifold N of sectional curvature at 
most —1. Let e be a lower bound for the injectivity radius of N and 

/2I 3 3 2 \ 

+ ^ + ^ + 



14 47r 4e sinh^(|) / 

Then the surface S has e-diameter at most a' \x{S)\, and it admits a one-vertex triangulation 
in which each edge has length at most 2ea' \x{S)\. 

Proof of lemma I12[ 

This lemma is a direct consequence of [Mahl Lemma 4.2 p. 2249] and |Lac2nn6[ Proposition 
6.1] in the case the minimal surface S is orientable, and we can take a'/2 instead of a'. If S 
is not orientable, its homology class [S] is non zero in H2{N,'Ij/2'Ij). By Poincare's duality, it 
corresponds to a non-trivial element a G H^{N,'Ij/2'Ij). As the homology class of the double cover 
of S can be represented by the boundary of a small regular neighborhood of the non-orient able 
surface S, we have 2[S] = in H2{N,'Z). If we take the double cover N' of N corresponding to 
the kernel of a, the surface S lifts to a minimal orientable surface S' . We can apply the stronger 



version of lemma 12, and bound the e-diameter of S' by a'/2 |x('S")l = ct' /"^ ^ 2 |x('S')| = a' \x{S)\, 
and the length of a one-vertex triangulation for S' by 2ea' \xiS)\. As those numbers bound also 
from above the e-diameter and the length of a one-vertex triangulation of 5, this finishes the 



proof of lemma 12 □ 



Of course, if we replace a' by 3a' in lemma 12, we obtain again an upper bound for the e- 



diameter and the length of a one-vertex triangulation of the pseudo minimal surfaces which are 



components of the boundary of Ci, as in lemma 12 (and we can make the geodesic arcs as small 
as necessary). 

Lemma 13. Let N be a complete Riemannian manifold with sectional curvature at most —1. 
Suppose S is a connected and orientable minimal or pseudo minimal surface in N with diameter 
bounded from above by M and admitting a one-vertex triangulation in which the length of the 
edges is at most N' . Then S can be homotoped to a simplicial surface S' with diameter at most 
2J\f' and such that any point x G S and x' G S' are at distance at most N + N' from each other. 



Proof of lemmall3[ 
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Let V be the vertex of the one-vertex triangulation of S. First, we homotop each edge e of the 
triangulation of S to its closed length-minimizing geodesic representative e' in ■ki{N,v). If the 
homotopy class of e is zero (meaning that the surface S is compressible in N) , we homotop e to 
the degenerate constant speed geodesic {v}. 

Let T be a triangle in S. To each edge of T corresponds a coned 1-simplex. We choose one of 
those 1-simplices and we cone the opposite vertex to this edge. More precisely, if at least one edge 
of T corresponds to a nulhomotopic curve, then we build a simplicial triangle T' corresponding 
to T which degenerates to a point if all edges of T are nulhomotopic, or to the corresponding 
closed geodesic if at least one of the edges of T is not nulhomotopic. In this case, each point in 
T' is at distance at most M' /2 from the vertex v (as it is on a closed geodesic of length at most 
M'). 

If all the edges of T are non zero in 7ri(A^, f), they correspond to three non trivial closed 
geodesies ci, C2 and C3, starting and ending at the point v. In the universal cover N of A^, we can 
choose lifts ai, a2 and of ci, C2 and C3 that bound a totally geodesic triangle T. By definition, 
the covering projection maps a, to Cj for i = 1,2,3. The simplicial triangle T' corresponding 
to T is the image under the covering projection of the totally geodesic triangle T in N. As the 
covering projection is an isometry from the interior of T to the interior of T', and as each point 
in the interior of T lies at distance at most A/"' (which is an upper bound for the maximum of 
the lengths of the sides ai, 02 and a-^), each point x' in the interior of T' lies at distance at most 
Af' from the vertex v. 

Therefore, starting from the triangulated surface S, we can build a simplicial surface S' such 
that V is the only vertex of the simplicial structure of S' and each point x' in S' is at distance 
at most A/"' from v. In particular, the diameter of S' is at most 2M'. As the diameter of S is at 
most A^ and that v is also a point of S, for any points x' £ S' and x £ S, we have : 

d[x,x') < d{x,v) + d{x' ,v) 

< diam(S)+AA' 

< M + M' 



which proves lemma 13 □ 



Given a spine T for the compression body Ci which is a union of simplicial surfaces correspon- 
ding to d-Ci joined by geodesic arcs, there exists a simplicial surface homotopic to this spine, 
by a homotopy that does not sweep out too much volume. More precisely, this follows from the 
following general lemma, proven in |Mah| Lemma 4.3 p. 2250]. 

Lemma 14. |Mahl Lemma 4.3] 

Let (7i, . . . ,cj„ be a collection of simplicial surfaces, with basepoints Vi in N , a complete Rie- 
mannian 3-manifold of sectional curvature at most —1. Join the basepoint vi to each of the other 
basepoints by at least one geodesic arc to obtain a geodesic 2-complex T homotopic to a surface 
of genus g. Then, there exists a homotopy of T to a simplicial surface Sq of genus g, and this 
homotopy sweeps out a volume of at most 3{2g + 2)A, where A is the maximal volume of an 
ideal hyperbolic tetrahedron. □ 

Lemma 15. Under assumptions ^ and the modifications of the volume and diameter of 



Ci when replacing the boundary surfaces of Ci by simplicial surfaces as in the two lemma 13 and 



14 become asymptotically negligible with respect to Vol(Ci) and diam(Ci 



Proof of lemma I15[ 

First, let us denote by d-Ci = SiU. . .U5„ the components of 5_Cj, with g{Si) + . . . + g{Sn) < 



g{dj^Ci). As in lemma 13 let us replace and d-Ci = Si U . . . U S'n by simplicial surfaces 

not too far away. The modification of the diameter of Ci is then at most 

4eAA = ^eNi = Aea'{\x{d+C,)\ + \x{Si)\ + ... + \x{Sn)\) 

= 4ea' X 2{g{d+Ci) + g{Si) + ... + giSn) - 1 - n) 

< 4ea X 2{2g{^+C^) - 2) 

< 8ea'\x{d+C,)\. 
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As IxCc^+Q)! < c+(-Fj), the modification of the diameter of Cj is at most 8ea'c^{Fi). By 
inequahty g, diamQ > ln(di/(x'i(Mi) + 2)) + ln(2Vol(M)/7r). Hence 

4eAfi ^ 8ea'c+{Fi) 



By assumption (2), Umj^+oo C-|-(-Fj)/y Inln ^ = 0, so in particular 

8ea'c+{F,) _ 

and the modification of the diameter of Cj can then be neglected when i is large enough.. 

In lemma 14 the genus g = g{Ci) is at most c+(-Fj)/2 + 1, so the volume swept out by the 
homotopy between T and Sq is at most 3(c_|_(-Fj) + 4)A. As by lemma|6j the volume of Ci is at 
least Yo\{M)di/{x-{Mi) + 2), the volume of what remains after cutting the metric completion 
of Ci along So and throwing off the component containing the infinite product regions is at least 

Vol(Q) - 3(c+(F0 +4)A > Vol(Q) h - 3A(c+(F,) +4)^^!^^ j 



By assumption (2), limj^+oo c+(-F,;)/^/lnln ^ = 0, so in particular 



limj-_,4.oo c+(Fj)x^(Mj)/(ii = 0. By assumption we have limj^+oo = 0) ^-iid of 

course also limj^+oo c+(Fj)/(ij = 0. Finally, 

^hm^3A(c+(F.)+4)^^-^^^ = 0, 

and this correction to the volume of Ci introduced at lemma [14] becomes negligible with respect 
to Vol(Ci) when i is large enough. □ 



In the sequel, we will consider the closure of the region of Ci bounded by the two connected 
simplicial surfaces, So corresponding to the union of d-Ci and some arcs, and Si corresponding 



to d-^Ci. As they can be neglected by lemma 15, we will forget about the variations of diameter 
and volume this modification introduces. 

We have a sweepout in Ci such that So and Si are sweepout surfaces. The following lemma 
ensures that we can homotop the sweepout between Sq and Si to a simplicial sweepout. It is 
an improvement of |BCW1 Theorem 2.3], and is proven by Maher [Mahl Lemma 2.5 p. 2236]. 

Lemma 16. |Mahl Lemma 2.5] 

Let N be a closed orientahle Riemannian manifold of sectional curvature at most —1. IfT,Q and 
Si are simplicial surfaces with one-vertex triangulations, which are homotopic by a homotopy 
^ : S X I ^ N , then there exists a simplicial sweepout ^' : S x I ^ N homotopic to ^ relative 
to S X dl. □ 

Therefore, we can suppose that the sweepout in the compression body Ci is simplicial between 
the simplicial surfaces So = Sq and Si = 5i. 

After getting this simplicial sweepout in the compression body Ci, the next step will be to 
get rid of the long and thin tubes in the sweepout surfaces to get a "generalised sweepout" in 
which the e-diameter of all sweepout surfaces is uniformly bounded from above. 

Definition 6. [Mahl Definition 3.2 p. 2237] 

Let N be a compact, connected and oriented 3-manifold. A generalised sweepout of N is 
given by a triple (S, /, h) where S is an orientable and compact 3-manifold, the map /i : S ^ M 
is a Morse function, constant on each boundary component of S and such that for all but finitely 
many t £ M, the setf-'^{{t}) is an immersed surface. Moreover, it is required that f : (S, 5S) — > 
(N, dN) is of homological degree one. 

Of course, an ordinary sweepout <I> : Sxl ^ N is a generalised sweepout : the Morse function 
h : 5 X / — > M is given by the projection to the factor I, and for all t £ (0, 1), h~^{{t}) = St is 



16 



CLAIRE RENARD. 



a surface in N. By definition of a sweepout, $ : {S x I, S x dl) — > {N, dN) is of homological 
degree one. 

For all X S S, we think of h(x) = t as the time coordinate. A generalised sweepout can be 
seen as a one-parameter family of immersed surfaces St with singular times t where the genus 
or the number of components of those surfaces change. 

Starting from the simplicial sweepout {St}t£i of Ci, we wish to obtain a generalised sweepout 
in which each sweepout surface has bounded e-diameter. Here, we recall that e is the injectivity 
radius of M, which provides a uniform lower bound for the injectivity radius of Mi. To this aim, 
we follow Maher and introduce the notion of modification of a sweepout. 

Let (S, /, h) be a generalised sweepout of a 3-manifold N. Take a submanifold in S of the 
form A X [a, b] where < a < 6 < 1 and A is an annulus in the surfaces St for t £ [a, b]. We 
do (0,1) surgery to this solid torus A x [a,b] in the following way : choose two times c and d 
such that a < c < d < b. Take a chore geodesic 7 for the annulus A in the surface Sa- Shrink 
this geodesic : it gets shorter and shorter, until it collapses to a point in a modification S'^ of 
the surface Sc- For all t £ (c, d), replace the surfaces St by the surfaces S'^ obtained from St by 
surgering along 7, i.e. we cut St along 7 and cap off the resulting surface with two discs. Do 
this in a differentiable way, such that the two discs of S'^ get closer and shrink to a single point 
at time d. The new surface S'^ is then singular, with a singular point corresponding to the two 
former discs. This point becomes again the geodesic 7 that gets larger when t G {d, b] increases. 
Do this in such a way that you do not modify Sa nor Sh nor dA x [a, b]. In this way, we get a 
new generalised sweepout where S' is obtained by replacing A x [a, 6] C S by the 

new manifold where St is replaced by S't for all t £ [cL,b]. Let us denote by T the small tube 
in bounded by A, where the surgeries take place. The new maps (/', h') coincide with (/, h) 
outside T x [a, b] and in d(T x [a, b]). As the modification of the sweepout takes place in a proper 
compact subset of N, there exists a point x in the interior of A^ \ (T x [a, 6]). As the map / 
is not modified in a neighborhood of the homological degree of /' is the same as the 

homological degree of /, so it is still equal to one. Thus the triple (S', h') is still a generalised 
sweepout. 



original sweepout 




Definition 7. The construction described above to obtain a new generalised sweepout (T,' , /', h') 
from the original generalised sweepout (T,, /, h) is called a modification of generalised swee- 
pouts. (In fact, this is a special case of a more general construction called a modification of 
generalised sweepouts, as described in |MRj .) 

Roughly, the idea is to cut along short curves in the simplicial surfaces St of length less than 
e and to replace them by ruled discs, to get rid of too thin and long tubes. This is achieved by 
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Maher in the third section of |Mah| p. 2238 to p. 2245]. We recall here the proof, and we bring 
some precisions when they appear to be necessary. 

Let t be a regular time. The simplicial surface St is composed of ruled triangles with at most 
one vertex of angle sum less than 2tt, denoted by vt- Let St be the completion of the universal 
cover St of St \ {vt}- As it is a metric 2-complex composed of triangles of curvature at most 
— 1 and with vertices whose cone angles are all greater than or equal to 27r, St is a complete 
CAT(— 1) geodesic metric space. Those spaces satisfy some useful properties, see |BHj and [Mahl 
p. 2239]. 

Let a be a homotopy class in St \ {vt}- To a, we can associate a covering transformation of 
the universal cover of St \ {vt}, which can be extended to an isometry of St- As the completion 
of a fundamental domain for St \ {vt} is compact, this isometry cannot be parabolic. Thus it is 
hyperbolic or elliptic. Let jt be the set of points in St which are moved the least distance by 
the isometry. This is a geodesic if the isometry is hyperbolic, or isolated points if the isometry 
is elliptic. We denote by 74 the projection of 7^ under the covering map, in the sense that if 
jt is a geodesic and does not meet St\ St, "ft is a closed piecewise geodesic homotopic to a in 
St \ {vt}- If Jt is a geodesic meeting St \ St, then we perturb it slightly and in an equivariant 
way such that it avoids St \ St and its projection 7^ in St \ {vt} is an embedded closed curve in 
the homotopy class of a. Finally, if 7^ is a set of points, it corresponds to the constant loop jt 
of length zero and equal to the point vt- By extension, in any case we will call 7^ the geodesic 
representative of a. Notice that jt is an embedded curve or a point in Cj. 

As the negatively curved triangles that compose the surfaces St vary continuously with the 
time t, we can expect the geodesic representatives 7t to vary also continuously. This is proven 
by Maher |Mahl Lemma 3.4 p. 2240]. 

Lemma 17. |Mahl Lemma 3.4] 

Let J be a simple closed curve in S \ {v} where v is a point of S mapping to the point vt for 
each time t. Then the geodesic representatives "ft of "f vary continuously with t. □ 

We recall that e is the injectivity radius of M, which is also a lower bound for the injectivity 
radius of Mi. 

Definition 8. A geodesic representative "ft is said to be short if its length is less than or equal 
to €. 

For all t, let Tt be the set of short geodesic representatives of St- This is a finite set and it is 
not empty, as the geodesic representative of the homotopy class of the loop around vt has length 
zero. 

Let "ft be a short geodesic representative. Pick up a connected component "ft of 7^, the preimage 
of "ft in St- Choose an orientation for "ft so that the distance function from "ft has a well defined 
sign. In the special case where the length of "ft is zero, the distance from "ft will always be 
non negative. If [p,q] is an interval of M, let ^[p,q]{"ft) be the set of points x £ St such that 
P < d{x,"ft) < q- Let A^[p,g](7t) be the image in St of -/V[p,g](7t) under the covering projection. If 
the interval is the single point {r}, we will denote this neighborhood by A''[^](7(). 

Definition 9. Let A{"ft) be the maximal neighborhood -/V[p,g](7t) such that for every r £ [p,q], 
^[r]ilt) is an embedded simple curve of length at most e. We will call A{"ft) the annular neigh- 
borhood of "ft . 

Let S{"ft) = A^[p+€/2,<j-e/2](7i) ^6 ihe surgery neighborhood corresponding to "ft, with the 
convention that S{"ft) is the empty set if b — a < e. This neighborhood is the subset of ^(7*) 
corresponding to the union of all curves A^[j,](7t) lying at distance at least | from the boundary 
ofA{"ft). 

As the annular neighborhood A{"ft) contains "ft = A^[o](7t), it is not empty. The annular neigh- 
borhood and the surgery neighborhood vary continuously with t, but the surgery neighborhood 
S{"ft) can be empty, and it does not necessarily contain the geodesic representative "ft- 

The following lemma is proven by Maher in |Mah| Lemma 3.7 p. 2242]. 

Lemma 18. |Mahl Lemma 3.7] 

If at and f3t are short geodesic representative of distinct homotopy classes in St\vt, then their 
surgery neighborhoods £{at) and £{(it) o,re disjoint. □ 
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We notice that this lemma imphes that for each time t, there are at most 2g — 1 sm'gery 
neighborhoods, where g is the genus of the sweepout surface St- 

This lemma shows that surgery neighborhoods are good "candidates" to do surgery on the 
sweepout surface St to get a generalized sweepout where the diameter of the thin tubes can be 
controlled. More precisely, the idea is to remove the surgery neighborhoods from the sweepout 
surfaces to get a new generalised sweepout (St)tei- We describe this construction in details. 

Let £{'yt) be a surgery neighborhood, and [a, b] a maximal time interval on which <f (74) is not 
empty. We have < a < 6 < 1. First, suppose that < a < 6 < 1, i.e. that [a, b] is contained in 
the interior of /. Then f(7a) and S{jb) are two embedded simple curves N^^^-^{'ya) and N^^.^ji'^b), 
and the union of the surgery neighborhoods <?(7[a,fe]) = {^ilt) , t £ [a,b]} is a solid torus in S, 
on which we wish to do a modification of generalised sweepouts. We follow Maher's construction 
(Afahl p. 2242 and 2243]. 

Choose a continuous family of basepoints on the boundary of £t such that the two basepoints 
agree at times a and b. We modify the sweepout by expanding times a and b to short intervals 
la and lb on which the map is constant for the moment. 

On the interval la, the curve iV[r„](7 a) is an embedded simple curve of length less than or 
equal to e. As the injectivity radius of the manifold Mi is at least e, this curve is contained in an 
embedded ball B in Mi of radius 3e/4 (as if we decide that the basepoint Xa of N^j.aji'fa.) ^^^^ 
the center of the ball, each point of N^^^-^^ja) hes at distance at most e/2 from Xa). Therefore, 
the curve A^[j.^](7a) is nullhomotopic in Mj. It bounds a disc in Mi. In fact, we want to show 
that this curve bounds a disc in Cj. 

Lemma 19. Let c an embedded simple curve in one of the sweepout surfaces St of length less 
than or equal to e. Then c bounds a disc in the compression body Ci. 

Proof of lemmall9[ 

If the curve c is nullhomotopic in Cj, it bounds a disc in Cj. So we can assume that c is an 
essential loop in Cj. 

We have already seen that as the length of c is at most e, it is contained in an embedded ball 
B in Mi of radius 3e/4. 

Let C[ be the compression body in Mi adjacent to Cj along S+Cj. The boundary of the 
manifold Cj U C[ is d-Ci U d-C[ and the surface is a strongly irreducible Heegaard surface 
for CjUCj'. First, let us show that we can isotope the ball B to make it is disjoint from d-CiUd-C'i. 
As the curve c is contained in the interior of CjUC-, we can do all the necessary isotopies without 
modifying S in a neighborhood of c. Among all such isotopies of B, suppose that i? is a ball 
whose boundary sphere dB intersects d- Ci U d- C'^ minimally. If this intersection is not empty, 
pick up an innermost curve 7 in dB D {d-Ci U d-C'j). This curve bounds a disc D in dB whose 
interior is disjoint from d-Ci D d-C'^. As d-Ci U d-C'i is a union of incompressible surfaces and 
the curve 7 is nullhomotopic in Mi, it bounds a disc D' in d-Ci Ud-C^. We can isotope the ball 
B such that the disc D is replaced by D' pushed a little inside Cj U C^, and this isotopy strictly 
decreases the number of components of dBCi {d-CiDd-C^), which is a contradiction. Therefore, 
the ball B does not meet d-Ci U (9_C-, and is entirely contained in the interior of Cj U 

Now, as c is an essential loop in Ci contained in an embedded ball B in Ci U C^, by a result of 
Frohman ( |Frol Lemma 1.1], see also |Lac2006l Proof of Proposition 3.2 p. 338]), the Heegaard 
surface is reducible in Ci U which contradicts the fact that it is strongly irreducible, 

hence irreducible. Therefore, the loop c is nullhomotopic and bounds a disc in Cj. □ 

We can now carry on Maher's construction. In the interval la, we replace in a continuous way 
the curve N[^^-^{'-fa) = ^iria) by a pair of ruled discs in Ci coned from the basepoint Xa- In the 
interval {a,b), we remove the surgery neighborhood £{'yt) and we replace it by a pair of ruled 
discs in C, coned from the basepoints of the boundary of the surgery neighborhood. Finally, 
in the interval lb we paste the discs together to come back to the original surface. This is a 
modification of a generalised sweepout as defined above. 

The following lemma directly follows from Lemmas 3.8 to 3.10 and is proven in |Mah| p. 2243 
to 2246]. 
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Lemma 20. Let St be the surface obtained from the simplicial sweepout surface St by replacing 
all surgery neighborhood £{'yt) of St by pairs of ruled discs as described above. Then the e-diameter 
of St is at most Ki := 4 (3 + l/sinh^ (e/8)) g{Ci) - 10. □ 

Maher's construction does not take the boundaries into account. However, it may happen 
that a = or 6 = 1, and in this case we might be obUged to modify the starting and finishing 
simphcial sweepout surfaces 5*0 = So and Si = Si, which we want to avoid. Therefore, if this 
case occurs, we need to refine the construction to modify the simphcial sweepout in a small 
regular neighborhood of Sq U Si in such a way that we do not modify the surfaces So and Si. 
As we will lose control on the e-diameter of the sweepout surfaces in this regular neighborhood, 
we have to choose it small enough in order that the sweepout surfaces we will pick up later to 
be our nested surfaces are not in this neighborhood, to control their e-diameter well thanks to 
lemma l20l 

Before considering the case when a = or 6 = 1, we need another lemma which will lead us 
to determine precisely the size of the neighborhoods of Sq. Let us denote by K[ := 2a' \x{d+Ci)\. 
The number 2eK'- is is an upper bound for the diameter of the simplicial surface Si, which we 
will now identify to S+Cj. Let us denote the diameter of the compression body Cj by Si. 

Lemma 21. There exists a point xq in Ci in the interior of the region bounded by So and Si, 
and at distance at least (§■ — (-K'i) to S+Cj. 

Proof of lemma 12 1[ 



Suppose that lemma 21 is false. Let Ci be the closure of the region bounded by Sq and Si. We 
have seen that the diameter of Ci is asymptotically close to the diameter of Ci. So we will still 
denote by 5i the diameter of Ci. For every point z in d, we would have dist(2;, d+Ci) < ^ — ^K[. 
Take two points x and y in Ci such that d{x,y) = diam(Ci) = 6i. We have then : 



d{x, y) = 5i < dist(x, -|- diam(5+Cj) -|- dist(y, d+Ci) 

< 
< 



:|-eifD + 26i^; + (f -eETO 



which provides a contradiction, establishing lemma 21 



□ 



Let c be a length-minimizing geodesic arc from xq to d-^Ci. Let us denote by fi the distance 
between the geodesic c and Sq. As the geodesic c lies in the interior of Ci (except one extremity 
lying on the number fi is strictly positive. 

To finish to modify the original simplicial sweepout to get the desired generalized sweepout, 
there remains to consider the case when a = or 6 = 1. If <f (70) is a single closed curve, we 
can apply the previous construction, replacing the time by an interval Iq and doing surgery 
on this interval, without modifying the starting boundary surface 5o = Sq. It works similarly if 
£"(71) is a single closed curve. The problem is when £^(70) or £^(71) have non empty interior. As 
the two cases are similar, let us suppose for instance that there exists a maximal time b £ (0, 1] 
such that <?(7t) is a non empty surgery neighborhood for all t S [0, b] and that the interior of 
£{'yo) is not empty. 

As the sweepout surfaces {St)tei vary continuously with t, there exists a constant r/ > as 
small as we like, depending only on the original simplicial sweepout (St)t£i and the choice of the 
point xo and the geodesic arc c, such that for every t G [0, rj], each point of St lies at distance at 
most fi/2 from Sq = Sq, and that for every t £ [1 — r], 1], each point in St is at distance at most 
eK'-/2 from Si = Si. b < rj, we do not modify the sweepout. Otherwise, if r/ < 5 < 1, we apply 
Maher's construction for all t € [r], b] : we replace the surgery neighborhoods £{'~ft) by a pair of 
ruled discs coned from basepoints in the boundary of <f (74) in a continuous way. In the interval 
[0, r/], we replace the surgery neighborhoods by a pair of discs for t near rj, that get pasted to the 
initial surgery neighborhood S^Jq) as the time is decreasing to 0, not too far from the original 
surface St and in a continuous way. We can do this in such a way that it is still a modification of 
a generalised sweepout. If 5 = 1, do the same for all i G [1 — ry, 1]. As the diameter of the ruled 
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discs is less than e and K[/2 > 1, we can suppose that every point in St is at distance at most 
eK[ from Si for all t G [1 — r/, 1]. 

We have thus proven the following lemma. 

Lemma 22. There exists a constant rj > as small as wanted, depending only on the simplicial 
sweepout {St}tei <^'^d the choice of the geodesic 7, and a finite sequence of modifications of the 
simplicial sweepout that gives a generalised sweepout {St}tei ofCi such that for every regular time 
t G [q^l—Tj], the e-diameter of St is less than or equal to i^j := 4 (3 + 1/ sinh^ (e/8)) g{Ci) — 10, 
and that any point in a surface St lies at distance at most eK'- from Si if t > 1 — rj, where 
K- := 2a' Any point in one of the original sweepout surfaces St for t < r] lies at 
distance at most from Sq. Moreover, for every regular time t, the surface St is homotopic 
to an embedded surface obtained from d-^-Ci by surgery. 

Now, for completeness of the proof of proposition [7] we state and prove a few lemmas which 
are implicit in |Mah| proof of Lemma 4.5 p. 2251]. 

We recall from definition [3] that if x is a point in Cj and S an immersed surface of Cj, we 
say that S separates x from (9+Cj if every oriented path from x to has its algebraic 

intersection number equal to +1. 

If two surfaces S and T immersed in Cj are such that S separates every point of T from dj^Ci, 
we say that T separates S from (9+Cj. In this case, the surfaces S and T are said to be nested. 

Lemma 23. A point x in the interior of Ci is separated from d^Ci by St if and only if there 
exists a path 7 from x to d-\.Ci with algebraic intersection number with St equal to +1. 

Proof of lemma I23[ 

It suffices to show that if there exists a path 7 from x to with algebraic intersection 

number with St equal to +1, then every path 7' from x to has its algebraic intersection 

number with St equal to +1. 

Let 7' be another path from x to S+Cj in Cj. As the immersed surface St is homologous to 
d-Ci, the homology class [St] is equal to zero in H2{Ci,d-Ci). The composition a = 7^^ • 7' is 
a 1-cycle in Hi(Ci, d+Ci). 

As dCi = d-CiU d-^-Ci, we have [a] ■ [St] = [a] • = 0, so 7' • S't = 7 • S't = +1, which proves 
lemma l23l □ 

For all t G [0, 1], let Dt be the closure of the set of points x £ Ci separated from d+Ci by St- 



Ci, Dq is the starting sweepout surface Sq, and Di is equal to the whole compression body Cj. 
Let Et be the component of Dt containing xq. As before, Eq is a complex of dimension at most 
2, and Ei = d. 

Lemma 24. The boundary of the set Dt is the surface St- 
Proof of lemma [24l 

Let X be a point in St- As St is a generalised sweepout surface for the compression body Ci, 
there exists a path c from x to such that for every point y of c distinct from x, the path c\y 

obtained from c by deleting the interval [x, y) does not intersect the surface St- So in particular, 
for every point y on c distinct from x, the algebraic intersection number between c\y and St is 
zero, and y is in the complement of Dt in Ci. As the point x is a limit of such points y, x is in 
the closure of the complement of Dt in Ci . But as x is on the surface St and that this surface 
separates the compression body Ci, every point close enough to x and on the other side of St 
with respect to y is separated by St from S+Cj. As the set Dt is closed and that x is a limit of 
points of Dt, the point x also belongs to Dt. Therefore, the point x lies in the boundary of Dt, 
and the surface St is a subset of the boundary of Dt. 

To get the reverse inclusion, let us assume that there exists a point x in the boundary of Dt 
which does not belong to the surface St, and seek for a contradiction. The distance d = dist(x, St) 



As the immersed surfaces 




are generalised sweepout surfaces of the compression body 
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is then strictly positive. As the point x belongs to the boundary of Dt, there exists a point y 
in the complement of Dt in Ci such that d{x,y) < |. As y is in the complement of Dt, there 
is a path c from y to the boundary d+Ci with algebraic intersection number with St different 
from +1. Let c' be a minimizing geodesic from x to y : as the length of c', which is equal to the 
distance between x and y, is strictly less than the distance of x to St, the geodesic c' does not 
intersect the surface St- If c" = c' U c, c" is a path from x to d+Ci with algebraic intersection 
number with St not equal to +1. Therefore, the point x is not separated from d+Ci by St- 

But as the point x belongs also to Dt, there exists a point z in Cj separated from S+Cj by 
and such that the distance between z and x is less than ^. Take a minimizing geodesic a from 
z to X. Let us denote by b = aU c" . The path b is linking z to d+Ci, which implies that the 
algebraic intersection number of b with St is equal to +1. From the other hand, the distance 
between z and x is at most | < dist(x, St), which implies that the minimizing geodesic a does 
not intersect the surface St- But then, the algebraic intersection number of the path b = aU c" 
with the surface St is not equal to +1, which contradicts the fact that z is separated from d+Ci 
by St- Thus, the point x necessarily belongs to the surface St, which ends the proof of lemma 

M □ 



Lemma 25. For every time t, the boundary of Et is connected. 
Proof of lemma [25l 

Indeed, if the boundary of Et would not be connected, it would have at least two components S 
and T of Sf. But then, S and T would be two disjoint and separating surfaces in the compression 
body Ci. If they are not nested, the set of the points separated from O+Q by S is disjoint to 
the set of points separated from d-^-Ci by T, which contradicts the fact that Et is connected. 
Therefore, the surfaces S and T are nested. For example, let us assume that S separates T from 
dj^Ci. This means that for each point x in T, any path from x to S+Cj has its intersection 
number with S equal to +1. Thus, this path will intersect St again. This is in contradiction with 
the fact that St is a generalised sweepout surface : if we take the path which is the track of x in 
the sweepout, this path intersects St only once. □ 



To prove proposition [7] we will pick up the desired nested surfaces among the family of connec- 
ted surfaces (9£'i)tg[o^i]. 

End of the proof of proposition [7} 

Let c be the length-minimizing geodesic arc from xq to Let L be the length of c. From 

lemma 21 we have L > ^ — eK[. Take (. i— > c{l) an arc-length parameterization of c, such that 



c(0) = xo and c(L) = yo G d+Ci. 

First, let us show that Et = ^ for t G [0, rj\. As every original sweepout surface St is contained 
in a ///2-neighborhood of 5*0 = Sq for all t < rj, and that the distance between c and So is at least 
fi, the geodesic c does not meet the sweepout surfaces St for every t < r]. As the new sweepout 
surfaces St are obtained from the surfaces St by surgery, the intersection number between c and 
St is the same as the intersection number between c and St, so it is zero for t < rj. Therefore, 
the geodesic c is an arc joining xq to with intersection number with St equal to zero for 

t < rj. By definition, the surfaces St do not separate xq from for t < rj, showing that there 
is no component of Dt containing xq. Thus, Et = 9 for every t £ [0,r/]. 

Let us assume that ^ ~ ^ei^^' > 5eKi. As the sets Et vary continuously with the time t, 
the function C which maps the time t to the length oi cCi Et is a continuous map. From the 
fact that C{ri) = and £(1) = L the length of c, we deduce that there is a time ti £ (r/, 1) 



such that C{ti) = L — 2eKi — eK'-. Let Si be the boundary of From lemma 25 we deduce 
that the immersed surface Si is a connected component of St^ . As c is a minimizing arc-length 
parametrized geodesic, for every a and b G [0,L], we have d{c{a),c{b)) = \b — a\. Thus, the 
intersection point c(£(ii)) between 5*1 and c is lying at distance 2eKj -|- eK'- from d+Ci. Since 
by construction every point in the surface 5t for i > 1 — r/ is at distance at most eK'^^ from dj^Ci, 
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necessarily ti < 1 — 77. As the sets Et = 9 for t < rj, m fact rj < ti < l — ij. By definition of E^^ , the 
surface Si separates xq from d^Ci. As Si is connected, by lemma [22] its diameter is at most 2eKi. 
Therefore, the surface Si cannot meet {c{£) ,0<£< L-4:eKi-€K[)}U{c{£) , L-eK[<£<L}. 
Let ii be the smallest value of i such that c{l) G 5i. We have L - AeKi - eK[ < ii < L - eK[, 
with L - AeKi - eK'- > ^ - AeKi - 2eK[ > eKi > 0. 

Let ci = {c{i) , < £ < £1 — lAeKi}. Replacing c by ci, we can iterate the previous process. 
If Ki is small enough compared to 6i, there exists a time t2 such that the length of ci n Et2 is 
equal to : length (ci) — 2eKi = ii — 16eKi > L — 20eKi — eK[. For the same reasons as before, 
the boundary of Et2 is a surface S2 which is a connected component of St2 separating xq from 
d+Ci, and it intersects ci only on the set {ci{i) , {ii — lAeKi) — AeKi < i < £1 — 14eKi}. 

Let us prove that the distance between the surfaces 5*1 and ^2 is less than or equal to WeKi. Let 
£2 be the smallest real number £ such that c{£) € 82- From the former discussion, £2 < £1 — l^eKi. 
As c[£i) G Si and 0(^2) S 52, we have : 

dist(S'i, 5'2) > dist(c(^i), 0(^2)) — diam(S'i) — diam(S'2) 

> (4-^2)-4eK, 

> UeKi - AeKi = WeKi. 

We can iterate the process with C2 = {c{£) , < £ < ^2 — 14ei^i}, on condition that £2 — lAeKi > 
AeKi, so for example if L - 2 x l^eKi - eK[ > AeKi. 

The iterations stop when L - 18eKi{ni - 1) - eK^ > AeKi but L - ISeKiUi - eK[ < AeKi, 

so for rii = \ ^ ^i8eA""^^'^ 1 • As L > ^ — eK[, Ui > \ ^qJ'j^. ~ | ~ ^t~\^ which proves proposition 
m ' ' ^ ^ ^ ^ 



4. From nested to parallel surfaces. 
We then prove proposition [8] 



With proposition 



we know that we can find Ui = \ ^q^^j^. ~ | ~ immersed surfaces in the 



compression body CTof the cover Mj. All those surfaces are nested, their diameter is at most 2eKi 
and they are at distance at least WeKi from each other, where = 4 (3 + 1/ sinh^(e/8)) g{Ci) — 
W. Furthermore, all those surfaces are homotopic to embedded surfaces obtained from by 
surgery. 

Thus the genus of those immersed surfaces is between and g{Ci) = g[dj^C,i). So there are 
at least n[ = \ni/{g[Ci) + 1)J surfaces Si, . . . , S^r with the same genus, which is bounded from 
above by g{Ci). We take the indices j such that Sjj^i separates Sj from d+Ci. 

We then follow the proof of Maher |Mah| p. 2252 to p. 2257]. Let S be one of the previous 
immersed and nested surfaces with the same genus. A collection of compression discs for S 
is a finite set A of discs, properly embedded in Ci and such that the sweepout gives a homotopy 
from S to U A. The first step is to show that for two connected and nested sweepout 

surfaces, we can choose collections of compression discs such that one of them is a subset of the 
other one. This is done in |Mah| Lemma 4.6 p. 2252]. In particular, if the two surfaces have the 
same genus, they are homotopic. 

Lemma 26. |Mahl Lemma 4.6] 

Let Si and S2 be two of the immersed surfaces obtained in proposition^ Suppose for example 
that S2 separates Si from d+Ci. Then we can choose a collection of compression discs Ai for 
Si and A2 for S2 such that A2 is a subset 0/ Ai. □ 

This lemma shows that all the nested surfaces Si,. . . ,8^' are homotopic, as they have the 

i 

same genus. 

The following lemma is crucial : we whish to replace the nested immersed surfaces by embedded 
surfaces of the same genus in an arbitrarilly small neighborhood of the original immersed surfaces. 
This lemma is proven in pvTahl Lemma 4.7 p. 2253]. 

Lemma 27. |Mahl Lemma 4.7] 

Let S be one of the surfaces obtained in proposition Let T be a least genus connected 
embedded surface separating S from d+Ci. Then T is incompressible in Ci\ S and the genus of 
T is greater than or equal to the genus of S. 
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Proof of lemma 1271 

We recall here Maher's proof. 

If the surface T were compressible in Cj \ S, it could be compressed along embedded discs in 
Ci\ S to obtain a new surface T' embedded in Cj \ S. But one component of T' would be an 
embedded surface in Cj separating S from d+Ci, with genus strictly less than the genus of T, 
which is a contradiction. So the surface T is incompressible in d \ S. 

The surface S is homotopic to d+Ci compressed along a collection D of embedded discs. Thus 
Cl := Ci \ D is a compression body and we can find a spine T for C'^ that is homotopic to the 
immersed surface S. The map on first homology Hi(T) Hi{Ci) induced by the inclusion of T 
in d is injective. 

The surface T is an embedded surface in the compression body Cj, so it is separating and 
there exists a set A of embedded compression discs for T such that T compressed along A is 
parallel to some components of d-Ci. As T is incompressible in Cj \ S, the compression discs of 
A for the surface T are only in one side of T. So the surface T bounds a compression body 
in Cj. As the composition of the maps induced by the inclusions Hi{r) Hi{C'l) — > Hi{Ci) 
is injective, the map Hi(T) Hi(C-') is injective. Thus the rank of Hi{C'l) is greater than or 
equal to the rank of ifi(r), and necessarily the genus of T is greater than or equal to the genus 
of 5. □ 



A consequence of lemma 26 is that all the nested and immersed surfaces 5*1 , ... , 5^' are 
homotopic. We want a little more : we need to find for all j between 1 and (n^ — 1) a homotopy 
between Sj and S„i that is disjoint from Sk for all k < j. We follow the arguments of the proof 
of |Mahl Lemma 4.8 p. 2254], bringing the precise bounds. 

Lemma 28. From the surfaces Si, ... , S^'., one can construct a collection of connected surfaces 
S\ , . . . , S', S', which are disjoint, nested and homotopic, and the homotopy from S„' to S', 

is disjoint from S'^ for 1 < k < j . Furthermore, the diameter of the surfaces Sj is at most 8eKi 
and they are at distance at least 2eKi from each other. 

Proof of lemma 1281 

Each surface Sj admits a one- vertex triangulation with edge-length bounded by ^eKi, and 



its diameter is at most 2eKi. Therefore, by lemma 13 the surfaces Si and S'„' are homotopic to 
simplicial surfaces S[ and S' , with diameter at most AeKi and such that for every points x G Sj 

i 

and x' G S'^ (where j = 1 and n'^), the distance between x and x' is at most GeKi. In fact, by 
construction of Sp each point of 5j is at distance at most 4eiCj from the original surface Sj. 

The homotopy between the two simplicial surfaces S'l and S'^, can be modified into a simplicial 
sweepout as in section |3] By lemma [22] there exists a modification of this simplicial sweepout 
where all the sweepout surfaces Sf for t £ [r],l — -q] have e-diameter bounded above by Ki. We 
can use the same constant Ki as before since the genus of the surfaces Sj is at most g{Ci). 
Moreover, the surfaces 5^ are homotopic to the surface Sn after some compressions if necessary. 
For j between 2 and {n[ — 1), let Sj be the first sweepout surface S'^ intersecting Sj. 

We know from the construction of a generalised sweepout that the genus of the surface Sj is 
at most the genus of the surface Sj. In fact, we will show below that those two genera are equal. 



Claim . For all 1 < j < n'- — 1, the genus of the surface Sj is the same as the genus of the 
original sweepout surface Sj. 

Asuming the claim, since the modified sweepout surfaces Sj have the same genus as the 
origninal sweepout surfaces Sj, in fact there is no compression to obtain the surfaces Sj and 
they were already sweepout surfaces of the original simplicial sweepout between S[ and S' ,. So 

i 

the surfaces 5"' are homotopic to the surface S' , , and by definition of a sweepout, this homotopy 
is disjoint from the surfaces 5^ for every k < j. 



Proof of claim. 
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Suppose that there exists some j such that the genus of Sj is strictly less than the genus of 
Sj. By a result of Gabai, we can then replace our simplicial surface Sj by an embedded surface 
Tj in an arbitrarily small neighborhood of the immersed surface Sj . More precisely, take a small 
regular neighborhood N(Sj) of the immersed surface Sj. This neighborhood contains embedded 
surfaces in the same homology class as Sj in H2{N{S'j), dN{S'j)). Gabai showed that the singular 
norm on homology is the same as the embedded Thurston's norm |Ga| . hence there exists an 
embedded surface Tj in N{Sj) with the same homology class as Sj and of genus less than or 
equal to the genus of Sj. If we choose sufficiently small neighborhoods N{Sj), we can ensure that 
the diameter of the embedded surface Tj is less than 3eKi. In particular, as the surfaces S[ and 
S'^, are too far away, the embedded surface Tj is disjoint from S[ and S'^,, and it is separating 



S'l from S' ,. Applying lemma 27 we see that the genus of Tj must be at least the genus of S'l. 
But as the genus of S'l is the same as the genus of Sj, and that the genus of Tj is at most the 
genus of Sj, which we have supposed strictly less than the genus of Sj, we have 5(Tj) < g{S[), 
which is a contradiction. □ 



As the surfaces Sj were at distance at least lOeKi from each other and that every point of Sj 
is at distance at most 4ei^j from the original surface Sj for all j = 1, . . . ,n^, the new surfaces 
Sj are at distace at most 2eKi from each other (which also shows that the surfaces Sj are all 
disjoint). Furthermore, their diameter is bounded from above by SeKi. 

There remains to show that the surfaces S[, . . . , S' , are nested. In the spirit of the proof of 
proposition m let us denote by D^' the closure of the subset of the points of Ci separated from 
d+Ci by S', . For all j < n', the surface 5' intersects the surface Sj, which lies in D„i . As S' is at 
distance at least 2eKi from S„i = i9T'„/ , S'- is contained in the interior of D„i . So it is separated 

i i J i 

from by S',. Therefore, if we denote by Dj the closure of the points of Ci separated from 
d+Ci by S',, Dj C D„i . Let I < k < j < n'-. If we take a point x in D^, as C D„i , every path 
7 from X to d+Cj has its algebraic intersection number with equal to +1. As the surface 

S'j is homotopic to 5^, by a homotopy that is disjoint from 5^, this homotopy does not change 

the intersection number, so the intersection number of 7 with S'j is still equal to +1, and x is in 
Dj. Thus Dk C Dj ioT 1 < k < j < n'^, showing that the surfaces 5^, . . . , S'^, are nested. This 



ends the proof of lemma 28 □ 



In the sequel, we replace the family Si, ... , S„i by the new family S\, . . . ,S' , , , 5" , of surfaces 



obtained by lemma 28 and for simplicity, we will still denote this family by S'l, ... , S^i . 

We then wish to replace our immersed surfaces by embedded surfaces in an arbitrarily small 
neighborhood of the immersed surfaces. Take a small regular neighborhood N{Sj) of one of the 
immersed and nested surfaces Sj. As in the proof of the claim, by Gabai [Gal, this neighborhood 
contains an embedded surface Tj in the same homology class as Sj in H2{N{Sj),dN{Sj)) and 
of genus less than or equal to the genus of Sj. If we choose sufficiently small neighborhoods 
N{Sj), we can ensure that the diameter of the embedded surfaces Tj is less than deKj, and two 
embedded surfaces Tj and T^ are at distance at least eKj. The genus of Tj is at most the genus 
of Sj, but we wish to show that in fact, the genus of Tj is the same as the genus of Sj. 

With lemma 27 we know that the genus of the embedded surface Tj for j = 2, . . . , is greater 



than or equal to the genus of the immersed surface S'l that it separates from dj^Ci. But as the 
genus of Tj is at least the genus of Sj , which is equal to the genus of Si , in fact the genus of Tj is 
equal to the genus of Sj : the surfaces T2 , . . . , T„i have the same genus as the immersed surfaces 
S2 , . . . , S„' . The final step in the proof of proposition is to show that some of the embedded 
surfaces are actually parallel. 

Lemma 29. The embedded surfaces T4, . . . ,T„'_i are parallel. 
Proof of lemma [29l 



This lemma relies on homological arguments, see |Mali| Lemmas 4.9 to 4.11]. For completeness, 
we give here a shorter proof, based on classical 3-manifold topological results. 
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Let V be the 3-complex in Ci bounded by the immersed surfaces 5*1 and There is a 

i 

sweepout <j) between Si and Sn'. such that for each 1 < j < n[, the surface Sj is a sweepout 
surface. In other words, the appUcation induced by the map (j) '■ S x I ^ V in homology 
: -^3(5 X I,d{S X /)) H3{V,dV) is an isomorphism and for each j, there exists a time 
tj G I such that Sj = cj){S x {tj}). Moreover, we have = ti < t2 < . . . < t^' = 1. 

By a classical construction (see [Sta^ point 3. p. 96] for example), we can homotop the sweepout 
(j) to a map (j)' which is still degree one, and such that for every 2 < j < n[, (f)'~^{Tj) is an 
embedded incompressible surface (not necessarily connected) in x /. 

Take 3 < j < A: < n'^ — 1. As the homology class of the surfaces Tj and is the same 
as the homology class of 5*3, the homology class of the preimages 4)'~^{Tj) and cj)'~^{Tk) in 
H2{S X [t3,l],d{S X [ts,!])) is the same as the homology class of the fiber S x {t}. As those 
preimages are incompressible embedded surfaces, (j)'~^{Tj) and 4>'~^{Tk) are each composed of an 
odd number of connected surfaces isotopic to the fiber S x {t} with total algebraic intersection 
number with any path from ^xjisjtoS'xIl} equal to +1. Up to isotopy, we can suppose 
that there exist times ^3 < t{ < . . . < ^271^+1 ^^'^ < < . . -ilnfc+i such that (j)'~^{Tj) = 

uj!!;+^e^(5 X {ti}) and ^'-^{Tk) = U^!!i'^^ef(S x {t^}), with and equal to +1 or -1, 
depending on the orientation of the component of <j)'~^{Tj) or (j)'~^{Tk) corresponding to the 
fiber S x {t^} or S x {t^}. As ^"^^^ = +1 and E"=^^ 4 = +1> there exists £ and £' such 
that e;^ = +1 = e^,. Suppose for example that t;^ < t^,. Then cp' : S x [tl,t^,] — > ^ is a homotopy 
between the embedded surfaces Tj and contained in the region in V bounded by S3 and 
Sn{ . As the embedded surface T2 is not in this region, if we denote by Y the submanifold of Ci 
bounded by T2 and d^Ci, the two embedded surfaces Tj and are homotopic in the interior 
of Y. 



By lemma 27 the surfaces Tj and are incompressible in Cj \ Si. As they are contained in 
the interior of Y and Y is included in the component of Ci \ Si containing Tj and , the surfaces 
Tj and are incompressible in Y. Thus, by a result of Waldhausen jWall Corollary 5.5 p. 76], 
they are in fact isotopic in Y. Therefore, Tj and T^, are parallel in Ci, for 3<j<k<n^ — 1. 
Thus we have rrii = n'-—4 embedded surfaces T4, . . . , T„/_^ parallel in the compression body Ci, 



which ends the proof lemma 29 and also the proof of proposition [8| □ 

□ 

5. From patterns of fundamental domains to virtual fibration. 



This part is dedicated to the proof of proposition 10 the "Pattern Lemma", which is based 
on |Mahl Lemma 4.12 p. 2258]. This proof is much involved than the one of Lemma 4.12 in 
|Mahj ■ which is too quick for our purpose since we need explicit bounds and precise constants. 
Therefore, we provide the necessary details. 



Proof of proposition 10 the "Pattern Lemma". 



Assume that there are mj connected, separating, orientable, embedded and disjoint parallel 
surfaces in Mj, with diameter at most A and at distance at least r > from each other. 

Let I? be a Dirichlet fundamental domain for the manifold M in its universal coyer M ~ M^. 
The translates of T> by the covering maps form a tiling of the universal cover M. This tiling 
descends to a tiling of the cover Mi by di copies of T>. Each of the rrii embedded and parallel 
surfaces Si, ... , Srm in Mj intersects some copies of V. The union of copies intersected by one 
of those surfaces Sj is called a pattern (of fundamental domains) for Sj. As the surface 
is connected, a pattern is a connected 3-complex. We can suppose that each of the embedded 
surfaces intersects the 2-skeleton of the tiling transversally. More precisely, we can suppose that 
each surface does not meet the vertices of the fundamental polyhedra, that it intersects the edges 
in isolated points and it is transverse to the 2-dimensional faces of the polyhedra. Therefore, a 
pattern is a connected union of some copies of T> glued along their 2-dimensional faces. Let us 
denote by D the diameter of T), a the number of its 2-dimensional faces and (5 the number of 
faces of dimension zero, one and two. 

For all ^ G N, we recall that B{t} is an upper bound for the number of possibilities of patterns 
obtained by gluing together at most £ fundamental domains. Let L = [^], where a is the 
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minimum over all pairs of non- adjacent faces of P of the distance between those faces. (As D is 
compact, (T is a well defined strictly positive real number.) 

Let us denote by v the greatest integer such that if r/2D > 1, ^^if^f^Q > 2i/ + 3 (which 

we will call condition (a)), or if r/2D < 1, such that ^2Z5+l"^' ~ ^) a'^L^B{L) ^ + 3 (called 
condition (b)). Let us suppose that u >2. 

• If two surfaces Sj and Sk are at distance strictly more than 2D, the patterns of fundamental 
domains associated to Sj and Sk are necessarily disjoint, as the diameter of a fundamental domain 
is D. 

If r/2D > 1, this is always the case for any pair of the mi surfaces, and all the rrii patterns 
associated to the parallel surfaces are disjoint. 

Otherwise, r/2D < 1. If we are in case (b), we have ^^z^Ti"^* ~ a'^L^B{L) — 2i^ + 3, so there 
are at least LsiJ+T^^d ^ 2D+i "^^ ~ ^ surfaces which are separated from each other by a distance 
greater than or equal to 2D + 1 > 2D. Therefore all the corresponding patterns of fundamental 
domains are disjoint. 

• The surfaces are connected, their diameter is less than A, and the minimal distance between 
two fundamental domains that do not share any face is at least a. Therefore, a given surface 
cannot intersect more than L = \^~\ fundamental domains. 

• If one of the two conditions (a) or (b) above is satisfied, at least {2u + 3)a;^L^ of the initial 
surfaces have disjoint corresponding patterns. As those surfaces are parallel, they correspond 
to a same immersed surface S' in M. Choose an orientation for S' . By the covering map, this 
orientation gives an orientation of the surface Sj for each j. As the (2z/ + 3)a^L^ surfaces are 
parallel, at least |" (^'^+^^)° ^ "| > (;/q,2^2 _|_ 2^ surfaces are coherently oriented, meaning that the 
orientation of Sj and Sk induced by the orientation of S' in M is the same in the product (in 
the product region bounded by Sj and Sk, the surface Sj is oriented by the inward normal 
vector whereas the surface Sk is oriented by the outward normal vector, or in the contrary the 
surface Sj is oriented outwards and the surface Sk oriented inwards). The orientations of the 
patterns corresponding to those {ya^L?' + 2) surfaces are also the same, as their orientation 
locally coincide with the orientation of M near 5". We obtain then {ua^L"^ + 2) coherently 
oriented surfaces 5*0, . . . , 5'j,a2£2_,_]^ such that there exists a product S x [0,z^a^L^ + 1] that is 
embedded in the manifold Mj and in which the surface Sj coincides with the fiber S x {j} for 
all indices j between and {ya^L'^ + !)• 

Let Pj be the pattern of fundamental domains corresponding to the surface Sj. The patterns 
Pj are all disjoint, but homeomorphic to the same pattern P (and the gluings of fundamental 
domains are in one-to-one correspondence). More precisely, for each j, there exists a homeomor- 
phism ipj : Pj ^ P which preserves the gluings of fundamental domains. 

Lemma 30. The boundary of the pattern P contains at least two connected components. 



Proof of lemma [30l 

We only have to show that for example Pi has at least two boundary components. But as the 
surface Si is contained in the interior of the pattern Pi, Pin(5x [0, 1]) 7^ and Pin(5x [1, 2]) 7^ 0. 
The pattern Pi is disjoint to and ^2, so the product regions S x [0, 1] and S x [1, 2] are not 
contained in Pi. By connexity of S x [0, 1] and S x [1,2], the boundary of the pattern Pi has at 
least two components, one as a subset of S" x (0, 1) and the other one in x (1,2). This proves 
lemma l30l □ 



The boundary of the pattern P has at least two components, and the number of its components 
is at most the number of 2-dimensional faces of a fundamental domain times the number of 
fundamental domains in the pattern, i.e. aL. Let dP = Ti U T2 U . . . U Tk, where the immersed 
surfaces Tj are the components of the boundary of the pattern P, with 2 < k < aL. 

For every index j between 1 and ua^Lp', the pattern Pj intersects Sx (j — 1, j) and 5'x (j, j-|-l). 
At least one component of the boundary of Pj is in the boundary of the component of {S x [j — 
^1 ^ [j containing the fiber 5* x { j — 1 } , which we will call a "left" component 

of the boundary of the pattern Pj. Similarly, at least one component of the boundary of Pj 
is in the boundary of the connected component of (5 x [j, j -fl]) \ (5 x -|- 1]) n Pj containing 
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the fiber S x {j + 1}. We will call this component a "right" component for the boundary 

of Pj. For each index j between 1 and ua^L'^, take a left component (arbitrarily if there exist 
at least two such components) and a right component likewise for the pattern Pj. Those two 
components correspond to components and Tj' of the boundary of P. As there are at most 
aL{aL — 1) < a^L^ pairs of such components of the boundary of P, there are at least surfaces 
Sj-^^, . . . , Sj^ with 1 < ji < . . . < jjy < va^L?., for which the pairs of left and right components 
corresponding to the patterns Pj^, coincide. In the sequel, for brevity we will change the indices 
j and denote those surfaces by Si, ... .,3^. 

Take two such surfaces Sj and Sj+i with 1 < j < v — 1. The two patterns Pj and Pj+i are 
contained in the interior of the product 5 x [j — 1 , j + 2] . Let S'^ be the image of the surface Sj 
in the interior of the pattern Pj+i by the homeomorphism V'J+i ° "^j between the patterns Pj 
and Pj+i ■ S'j = fj^i ° 'PjiSj)- This is an embedded surface in the product S x [j — l,j + 2]. 

Lemma 31. The homology class of Sj in the product S x [j — 1, j + 2] is equal to the homology 
class of the fiber [S] = [Sj] = [S^+i] . 

Proof of lemma 13 1[ 




'j 1 



j+2 



By choice of the surfaces Sj and S'j+i, the left component T~ of the boundary of the pattern 
Pj and the left component Tj^i of the boundary of the pattern Pj+i have the same image in 
the pattern P : ipj{T~) = ipjj^iiTj'j^-^), so T^^-^ = ° (pj{T~). By definition, T^^-^ bounds the 
connected component of (5 x + 1])\{S x + 1]) n Pj+i containing the fiber Sj, and the 
component of the boundary of the pattern Pj bounding the component of (5 x [j — 1, j]) \ 
{S X [j — 1, j]) n Pj containing the fiber Sj^i. As Pj r\{S x [j — 1, j]) is connected, there exists a 
path properly embedded in Pj r\{S x [j — and joining the component T~ to the surface 
Sj. The image by the homeomorphism fj^i o fj between the patterns Pj and Pj+i of the path 
72 is a path 72 = fj^i ° Vj{l2) -fj+i from the boundary component Tjl^^ to the surface S'j. 
The interior of the path 72 is contained in the interior of the component of Pj+i \ S'j containing 
Tj^i. Let X2 be the extremity of 72 belonging to the boundary component and X3 the 

other one, on the surface Sj. 

Similarly, there exists a path 73 from 2:3 to a point X4 lying on the right component Tj^-^^ of 
the boundary of Pj+i, and such that its interior is contained in the interior of the component of 
Pj+i\ Sj containing Tj^-^^. 

As Tj'^^ is in the boundary of the connected component of {S x [j, j + 1] ) \ Pj+i n{S x [j, j + 1]) 
containing the fiber Sj, there exists a path 71 with its interior contained in the interior of this 
component, and joining a point xi of the fiber Sj to the point X2 of Tj^i- Similarly, by choice 
of Tj^^, there exists a path 74 with interior contained in the interior of the component of 
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{S X [j + 1 , j + 2] ) \ Pj+i n (S" X [j + 1, j + 2]) containing the fiber Sj+2 and hnking the point X4 of 
^jtfi to a point X5 of Sj+2- Eventually, as the product S x [j — is connected, there exists a 
path 7o with interior contained in S" x (j — joining the point xi of Sj to a point xq of Sj-i. 

Let 7 be the path obtained by concatenating the paths 70, 71, 72, 73 and 74. The path 7 
joins the point xq of S'j-i to the point X5 of 5'j+2 and intersects the surface Sj only once, at the 
point X3. As the orientations of the patterns Pj and Pj+i coincide, the intersection number of 
7 with the surface S'j is +1. So it is the same as the intersection number of 7 with the fiber S. 
By Poincare duality, as the homology group H2{S x [j — l,j + 2],Z) is of rank one, generated 
by the class of the fiber [S\ , the class of the surface S'^ is equal to the class of the fiber in the 



homology of the product, showing lemma 31 □ 



As the surface S'j is embedded in the product 5 x [j — 1, j + 2], by a result of Waldhausen 
|Wal| S'^ is parallel to the fiber Sj , possibly after performing a finite number of compressions on 
S'j . But as the surface S'^ is homeomorphic to Sj , it is of the same genus as the fiber Sj , so in 
fact there is no compression. Therefore, those two surfaces bound a product in Mj. 

We can cut the manifold Mj open along those two disjoint surfaces Sj and S'^ We keep only 
the component corresponding to the product region between the two parallel surfaces, and we 
identify the two surfaces via the homeomorphism if: = {'^Ijli ° fj),o to obtain a manifold Ni 

■' Pi 

fibering over the circle, with fiber Sj = {Sj ~ Sj). The homeomorphism fj^i ° fj identifies 
the "left" part of the pattern Pj+i with the "left" part of the pattern Pj, so we get a pattern 
Pj corresponding to Sj in Ni homeomorphic to the pattern P : the "left" part of this pattern 
corresponds to the left part of the pattern Pj+i via the homeomorphism fj+i, and the "right" 
part of the pattern corresponds to the right part of Pj via the homeomorphism ipj. As those 
homeomorphisms preserve the gluings between the 2-dimensional faces of the fundamental do- 
mains, the gluings between the fundamental domains in the pattern Pj are the same as the 
gluings in the model pattern P. Therefore, we obtain a tiling of Ni by finitely many copies of 
fundamental domains homeomorphic to T> and with matching gluings. Thus, Ni is a finite cover 
of the original manifold M, and Ni is fibered over the circle, with fiber Sj. 
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The two covers Mj and Ni admit a common regular finite cover Wi, which fibers over the 
circle as it is a finite cover Ni. A component of the preimage of Sj by the covering projection 
Wi Mi is a fiber F for the fibration of Wi over the circle, as it is also a component the preimage 
of the fiber Sj in Ni corresponding to Sj in the mapping torus. As F is incompressible in Wi, 
the surface Sj embedded in Mj we started from is also incompressible. (If not, the preimage of 
a compression disc D for Sj would be a family of compression discs for F, which necessarily 
bound discs in F. As the homotopy class of the boundary of those discs is zero in tti(F), it is 
mapped to zero by the application tti{F) vri(S'j) induced by the covering map. The disc D 
is then nulhomotopic in Sj, which provides a contradiction.) Thus the embedded surface Sj is a 
virtual fiber in Mi, and is incompressible. 

Therefore, the rui initial parallel surfaces are virtual fibers for the manifold Mi, which ends 



the proof of proposition 10, □ 



The rrii embedded surfaces are not quasi-Fuchsian, as they are virtual fibers. 



6. The strong sub-logarithmic Heegaard gradient never vanishes. 
In this section, we eventually prove theorem |3] and corollary |4j 

Proof of theorem |3l 
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Let US assume that the assumption of theorem [T] is satisfied : there exists an infinite family 
(Mj — > M) jgN of finite covers of M such that 

(4) li,„4m=0. 

i^+oo -y/lnlndj 

We saw that we can then build rrii = { L^^^j'jqrf \ ^ij^jc ~ ^ orientable, embedded 

and parallel surfaces in Mj. Furthermore, under the assumption Q, we know that for each i 
greater than or equal to some iq G N, we can start from Mj to construct a finite cover Ni of M 
which fibers over the circle, and whose fiber is diffeomorphic to the parallel surfaces in Mj. The 
mj surfaces in Mj are then embedded virtual fibers, thus incompressible surfaces. 

Therefore, for i greater than or equal to iq, we have mj disjoint embedded incompressible 
surfaces in Mj , with as in section [2] : 

" ^g{Ci) + 1 ' 2 ^18^ " 9 " 9Kj ^ " 



> 



\ 



18eax^i(Mj) + 18e5 9 9a(25(Ci) - 2) + 96 



Furthermore, any two such surfaces are at distance at least eKi > e(2a + b) from each other. 

Let F be a strongly irreducible Heegaard surface for the manifold Mj with minimal genus : 
IxC-F")! = x^-i^i)- According to theorem [sj and more precisely to the result (3) of Pitts and 
Rubinstein, we can suppose that, up to isotopy, the surface F is a minimal or a pseudo minimal 
surface. Therefore, by lemma 12 the e-diameter of F is bounded from above by a linear function 
of the absolute value of its Euler characteristic : if a' = 6(^ + ^ + ^ + smh(e/4y^ ^^ then 
the e-diameter of F is less than or equal to a'x'^{Mi). As the surface F is connected, its 
diameter is bounded from above by 2ea'x^{Mi). Thus, the surface F cannot intersect more 

than \ '^(2™+!)' 1 — r ^'^e(2a+y'^ "l °^ former incompressible surfaces. So there are at least mj — 

r ^'^ 2a"+b^'"* "l incompressible surfaces in Mj disjoint from the surface F. But if this number is 
strictly positive, it means that there exists at least one incompressible surface embedded in Mj 
lying in the complement of F. This surface is then an incompressible surface embedded in a 
handlebody, which provides a contradiction. Therefore, we always have : 

2a^X^!^ 



which implies that 



2aV-'^(M,) 

rui — — 1 < 0, 

2a + 



so 

(5) Xt'm > ^ (mj - 1) . 

Lemma 32. There exists a positive integer P such that if X-{Mi) > P, then 

- 2a' \36eaxHMiy 

From the other hand, there exists a constant C > such that for every i such that X-{Mi) < P 
and di is large enough, 

X-HMi) > Cln{d,). 



Proof of lemma I32[ 

To prove the first part of the lemma, we have : 



1 

mj > 



' W-{M,)+2) + [-^) 4 4a'(25(Q) - 2) 



xHMi)+4 



ISeax'^ (Mi) + 18eb 9 9a(25(C7j) - 2) + 96 



5. 
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As ^^fa^/i^^fiL^n^ "^nfnA^-i-r^ 1^, thei'e exists a constant Q £ N such that if g{Ci) > Q, then 



9a{2g(Ci)-2)+9b ~3(Ci)^+oo Qq i 

9a(2gcy-2i?96 < for each i such that ^(CO < Q, 

byA = max(g,^^4g:^),wehave 



9a(2g(C,)-2)+9fe - 18a+fe ' aenoie 



m,; > 



1 



X-(Mi)+4 



In 



,1 / 2Vol(Af ) \ 

x !i(M0+2; +^"1, ^ j _ 4 

18eax'i(Mi) + 18e6 9 



A \ - 5. 



Now, 



1 



X^(M,) + 4 



In 



+ ln(^) 4 ^ 



V 



18eax-{Mi) + 18eb 9 



In 



18eax^(Mi)2' 



so for X-{Mi) large enough, 



mi > 



In ( * 



ln(dj 



ln(x^i(M,)) 



36eaX-{Miy 36eax'i(M,)2 36eax'i(Mi)2 ' 



If X-i^i) is large enough, say greater than or equal to a constant P G N, h^^!""}}^ < 1, and 



36eax!^(Mi)2 - ^' 



SO 



m,; > 



ln(di 



36€aX-{Miy 



1. 



We report then in inequality : if X-(Afj) > -P, 



X- (Mi) > 



2a + b [ \n{di 



2a' \meaX-{MiY 
To prove the second part of lemma 32 we write inequality ([5]) in full details : 



2a + 6 
2a' 



/ /in 



1 



x'i(Mi)+4 



X-(M,)+2 



|^ 2Vol(A/) 



8a' 



18eax'i(Mi) + 18e^ 9 9ax^(Mi) + 96 



If xH^i) < P, then 



2a + b 1 



ln(^)+lnf?^^, 4 



P+2 



8a' 



6 



2a' \ P + 4 \ 18eaP + 18e& 9 9aP + 96 

Therefore, there exists a constant C > such that for di large enough, xl'^(Mj) > Clndj. This 
ends the proof of lemma 32 □ 



Taking the two cases of lemma 32 into account when i becomes large. 



■ 1™ n J 

t^+oo (in di 



+ 00 



for any 9 G (0, 1), which proves theorem |3j 



□ 



Remark 4. In fact, we have proven the following stronger version of theorem 

linij^-i-oo ^^j^^ = 0, then for any map / : N ^ N such that f{n) =n-^+oo o(lnn), we have 
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Proof of corollary [4| 

Let M be a connected, orientable and closed hyperbolic 3-manifold, and {Mi M}jgN the 



countable family of finite covers of M. For each i E N, let us denote by 
Let P be the positive integer given by lemma 32 Let 



y/ln In di ' 



I = {iGN|ei>l}, 

J = {j e N I ej < 1 and X-(^j) > P}, and 

K = {k GN\ek<l and X-{Mk) <P}. 

Those three subsets form a partition of N. 
For every i E I, 

—^=^= > —^=^= = ei > 1 > 0. 
V In In di V In In di 

For every j G J, by lemma [25] 



Hence, 

r-jMj) ^ 2a + h f \n{d,) \ 
^Inlndj ~ 2a' V36eaX-(Mj)2 ) 

2a + h f \nidA \ 

> -— [ , / , - 2 > > 0, 

2a' \36eo In In cij / 

where Aj is a strictly positive constant, independent on j E J. 

Again by lemma 32 there exists a constant C > such that for every k £ K with dk large 
enough, 

V In In d^. V In In d^ 

where Ak is independent on k £ K. We can choose Ak such that for every k G K such that if 
we do not have X-i^k) ^ Clnd^, which are finitely many, the inequality ^ > Ak > 
still holds. 

Let us denote by A the minimum of 1, Aj and Ak- As N = / U J U if, we have for every 
n G N, 



^yln In dr, 



>A>0, 



so 



Vfj^JM) = inf ^ 7 ^^"^ > A>0, 
^"^^ ' neN Vlnlnd„ " 

which ends the proof of corollary □ 
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